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INTRODUCTION. 

In this survey we consider generalizations for Young and Cauchy- 
Bunyakowsky inequalities with applications. 

In section 2 it is noticed that in fact there two different Young 
inequalities (for two numbers) but not one. Then there is a problem 
to compare different versions. In theorem 2 three different cases are 
considered and three numerical examples for all cases added. 

In section 3 generalizations are considered on Young inequality for 
integrals and for Legendre transforms, applications on improvement 
of Rogers-Holder-Riesz inequality. We mention the transfere principle 
suggested by the author and proved recently by A.G. Kusraev how to 
transfere inequalities for numbers to the case of uniformly complete 
vector lattices and operators in them. 

In section 4 different kinds of means arc considered: power, Rado, 
Gini, Lemer, quasi-arithmetic, iterated and AGM and also different 
known procedures for constructing new means from known ones. In 
particular in theorem 4 simplified version of Tibor Rado results on 
comparison of power and Rado means is presented. After that abstract 
means are introduced and in theorem 5 all means for two numbers 
are characterized completely. The generalized entropy is introduced and 
completely characterized in theorem 6. 

In section 5 discrete version of Cauchy-Bunyakowsky inequality is 
studied and its generalizations: Milne, Callebaut and Daykin-Eliezer- 
Carlitz. The author suggest to express them in terms of means — it is 
much more clear and give a lot of new non-trivial examples. 

In section 6 integral version of Cauchy-Bunyakowsky inequality is 
studied with its improvements. In theorem 8 an integral version is proved 
of sufficiency of Daykin-Eliezer-Carlitz result. Different special cases 
are considered for power, Rado, min — max and AGM means, the last 
one is quiet exotic. Theorem 9 introduces new class of generalizations, 
and it occurred unexpectedly that Daykin-Eliezer-Carlitz result is not 
valid in necessary part for integrals! Some more examples are considered. 
The most general form of aithor's results are theorems 11 and 12. In 
theorems 13, 14, 15 there are comparison results for different kinds of 
proved generalizations. 

In section 7 we consider applications of our results to Jackson q- 
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integrals, Aszel inequality in Lorents spaces, discrete Fourier transforms, 
Minkowsky inequality, two-sided estimates for the Legendre complete 
integrals of the first kind, estimates for transmutations and integral 
operators, elasticity theory. 
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B o63ope HSJioaccHBi yTOHHennH n o6o6ni,eHHH hckotopbix Kjiac- 

CHHCCKHX HCpaBCHCTB. BliaHajIC paCCMOTpCHbl yTOHHCHHil IICpaBCHCTBa 

ilnra c nx npHjiojKenHHMH. Ochobhoc co;],ep}KaHHe oGsopa cocTaBjiHCT 
H3Jio>KeHHe npHHa/i,jie>Kani,ero asTopy Merop^a o6o6ni,eHHH nepaBencTB 
KoniH-ByHHKOBCKoro c HcnojiBSOBanHeM cpeffimx anaieHHii. PaccMOT- 
penbi o6o6ni,eHHH ^jih ^HCKpeTHoro n nnTerpajibnoro cjiynaeB, nx sapH- 
anTBi H cpaBHcnHH Me>K^ coGoii. IIphbo^htch npHjioxccHHa HOJiynen- 
HBix pesyjiBTaTOB. 
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PaBeHCTB He cymecTByeT. Jl^axe b 
o6i>iiHoit lejioBeiecKoft jkhshh 
Bcerfla BCTpel^aeTCH tojibko 
HepaseHCTBO. 

fl. Mhtphhobhm 

1. BsefleHHe. 

TcOpHH HepaBCHCTB C npHJIOJKeHHSMH OTpajKCHa BO MHOrHX MOHorpa- 

(i)HHx, CM., HanpHMep, [3-4,6,9,15-16,23-24,30,32,35-36,60,62,72-73,75- 
79,87-88,92-93, 100-101,105,107-110]. Hs hhx napsipy c KjiaccHnecKHMH 
Tpy^aMH [3,24,60,71,97-98,101,] oco6chho OTMeraM KHnrn saMenaTejiB- 
Horo cep6cKoro MaieMaTHKa ,HparocjiaBa MnTpHHOBHHa [70-71,94-99,]. 
Ero cjiOBa, Bsaibie b KaiecTBe snnrpaejaa k HacTOHmeMy oGsopy, ot- 
paxcaiOT Ha6JIK);^aeMBIi^ yxce hbckojibko ^ecHTHjieTHit ycToiiHHBbiH pocT 
3HaHeHHH H pojiH HepaBCHCTB B coBpeMeHHOH MaTCMaTHKe H ee npHjio- 
jKeHHHx. Pa3Hoo6pa3Hbie TeopeTHnecKHe h HHCJieHHbie oii,eHKH GtiCTpo 
BbiTecHsiiOT TOHHbie paBSHCTBa, KOTopBie npeBpamaiOTca bo mhophx cjiy- 
Haax B npcKpacHbie, ho xax 6bi cjiyHaftHbie h Bbipo>K^],CHHbie cjiynan npn 
6ojiee nojiHOM h yrjiyGjiennoM anajiHse pemaeMbix aa^an. 

B ocHOBaHHSJx coBpeMeHHoii tcophh HepaBencTB jiejKHT cpaeHHTejib- 
HO iic6o,jibmoe hhcjio KjiaccHHCCKHx pesynbTaTOB. ITpH stom KajK^oe h3 
ocHOBHbix SHaMeHHTbix HepaseHCTB no Mepe csoero cymecTBOBaHna o6- 
pacTaeT MHoroHHCJieHUbiMH yxoHHeHHHMH, o6o6iii,eHiiHMH h npHjiOMcenH- 
HMH, KOTopbie cnoco6cTByiOT 6ojiee rjiy6oKOMy noHHMaHHio ero cyTH h 
pacniHpeHHio Ha6opa bosmojkhmx npHjiojKeHHii. 

Il,ejib flaHHoro oGaopa — HSJiojKeHHe pesyjibiaTOB aBTopa no o6o6ni,e- 
HHSM HepaBencTB ilnra n KoniH- BynnKOBCKoro, b ochobhom nojiynen- 
Hbix B pa6oTax [1,37-43] (cm. TaKJKC [8,51-57,106]), hx npanoiKennHM k 
on,enKaM cneii,HajibHbix (J)yHKLi,HH [44,80-86] n a^ep onepaTopoB npeo6- 
pasoBanna [10-13,22,45—50]; npn 3tom nacTb peayjibTaTOB ny6jiHKyeTca 
BnepBbie. 

2. yTOHHeHHH HepaBeHCTBa ilnra p,Jisi flByx HHceji. 

TaK CKOJibKO JKC nepaBCHCTB na caMOM ^ejie saKjiiOHeHO b eflnncTBen- 
HOM Ha HepBbiit B3rjia;ii; nepaBencTBe lOnra (ilnra)? H KaK sto nepa- 
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BCHCTBO npaBii.m.110 iiasbiBaTb? HeoneBH/pibie OTBeTBi na 3th Bonpocti 
paccMaTpHBaiOTCH b 3tom nyHKTe. 

IIpejKfle Bcero Heo6xoflHMO otmbthtb, hto no— pyccKH npaBHjiBHO 
iiaatiBaTL (J^aMHjiHio 3Toro anrjiHitcKoro MaTeMaTHKa — ilnr (William 
Henry Young) . TpaflHu;HH nasBiBaTb ero na HeMeE,KHH jia^ BOsnnKjia h3 
nyTaHHu,Bi b nepenofle anaMeHHTon Monorpaejjnn [60], b KOTopon b/i,o- 
6aB0K ero cjDaMHjinsi b tskctc ^BascflBi HanHcana c omnGKoii (Joung). 
^annoe HepaneHCTBO KaK n ^pyroe nsBecTHoe nepaBencTBO Xayc;i,op4)a- 
ilnra ^jih CBepTOK Gbijih ;i,0Ka3aHbi HnroM c u,ejibK) hx npHMenenHfl; b 
TeopHH paflOB Oypte. AnajiornHHO npnHHTO nenpaEHjiBHO npoHSHOCHTt 
H 4)aMHjiHio ero jKenbi Fpenc Hhcxojibm Snr, nanpnMep, b HasBanHH 
HSBecTHOii TeopeMbi Mnr-^aHJKya-CaKca. 

B 1912 ro^iy B. Hnr ;i,0Ka3aji CBoe snaMenHToe nepaBencTBO b TaKon 
4)opMe. 

TeopeMa 1. UycTb (pyHKii,HH f{x) asjiaeTca HenpepMBHOH m 

Bospacraiomeit na OTpesxe [0,c],c > 0. TJycTh raxiKe /(O) = 
0, a S [0, c],6s [0, /(c)]. Tor^a BbmojiHeHO ftepaBeHCTBO 

a j*b 

f{x) dx+ f~^{x) dx > ah, (1) 
Jo 

rflfi f~^{x) ecTb o6paTHaa c^yHKii^s. Upn stom paseHCTBO b (1) flpcTn- 
raercH Tor/?a n tojibko Tor^a, Korfla b = f{a). 

Ciporo roBopa, b nepBonaHajibHOH (JjopMyjinpOBKe ilnra (J)yHKii;iiH 
6bijia ;i,H(J)(J)epeHn,HpyeMoit, a ne HenpepbiBHOii, hto 6bijio CBHsano c mc- 
TOflOM ero ;;0Ka3aTejibCTBa [99]. 

CooTHomenne (1) reoMeTpHHCCKn BbipajKaeT nepaBCHCTBO MOK^y 
njioni,a;],HMH KpHBOJiHHeliHbix Tpaneii,HH, oSpaaoBanHBix rpacJjHKaMH na- 
pbi BsaHMHO o6paTHbix (|)yHiapiH. AnajiHTHHecKHe flOKasaTejitcTBa, ne 
Hcnojib3yioni,He reoMeTpHHecKHe paccy»c/i,eHHH, npHBe;i;eHM, nanpHMep, 
B [3,60,99[. CoBpeMeHHbie flOKaaaTejibCTBa KaK npaBHjio ocHOBaHW na 
TOJKflecTBe fljia jieBon nacTH (1) npn b = f{a). Menee nsBecTHO, hto 
cnpaBefljiHBO h o6paTHoe yTBep^K^^enne, ;;oKa3aHHoe hhohckhm MaTeina- 
THKOM T. TaKaxaniH b 1932 r. [99]. 

HanGojiee nacTO ncnojibayeTca nepabencTBO ilnra (1) npn Bbi6ope 
f{x) = xP~^,p > 1. Tor^a nojiynaeivi b nepeMennbix {x,y) nncjiOBoe 
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HepaBCHCTBO 

xy < 

P Q 



xy^- + y- (2) 



npH ycjiOBHHX 

a;>0,2/>0,p> 1,- + - = 1. (3) 
P q 

KaK H Bce KJiaccHHecKHe HepaBencTBa, HepaBencTBO Hnra moxcct 
6biTb c(J)opMyjiHpoBaHO c HcnojibsOBaHHeM cpeflHHx snaHeHHii. Tor^a 
OHO npespamaeTCH b ;i,pyroe KjiaccHnecKoe HepaBencTBo: BecoBoe cpe;;- 
nee reoMexpHHecKoe ne npeBOCxo/piT BecoBoro cpeflnero apHcJjMeTHHe- 
CKoro: 

u"v^ ^au + bv, a^O,b^O,a + b=l,u^O,v^O. 

IIpHHHTO CHHTaTB, HTO Kpyr BonpocoB, CBHsaHHbix c npocTeft- 
inHM HepaBeHCTBOM (2), HCCJie^OBaH c HCiepnBiBaioineH nojiHOToii. 
OflHaKO 3TO He coBceM TaK. EcjiH o6paTHTb BHHMaHHe na necHM- 
MeTpHHHyK) (JjopMy npaBoft nacTH (2), to CTanoBHTCH hcho, hto 
HepaeeHcmeo Hma - amo ne oduo, a nam HemeeHcme , npHHCM BTopoe 
H3 HHx, nponymeHHoe b (2), ppjuKno hmstb TaKoii bh;;: 

xy^- + y-. (4) 
q p 

A BOT Tor^a cpasy BOSiiHKacT ruijiimi o cpaBHCHHH HepaBCHCTB (2) h (4), 
TO ecTb o6 OTbiCKaHHH MHHHMyMa npaBbix nacTeii h3 (2) h (4). IlpuBejieM 
HHCJieHHbie npHMepbi, KOTopbie noKasbiBaiOT, hto flettcTBHTejibHO Me»yiy 
npaBbiMH nacTsiMH (2) h (4) momcst cymecTBOBaTb floCTaTOHHO 6ojibmoH 
pasGpoc. 

riPHMEP 1: X = 5,y = 130, p = 4, g = 4/3; 
xy = 650, ^ + ^ « 650, 16502, ^ + ^ ~ 71402508. 
B 3T0M cjiynae nepaBencTBO (2) jiynme (na hhtb hoph/i^ob!). 

riPHMEP 2: X = 0, 2, 2/ = 0, 5, p = 4, g = 4/3; 

= 0, 1, ^ + 2^ « 0.29803, 2^ + ^ « 0, 10334. 
A B 3T0M cjiynae HepaBencTBO (4) jiynme (npHMepno b tph pasa). 

JXbsl npHBefleHHbix npHMCpa HjijiiocTpHpyiOT flBa TnnHHHbix cjiy- 
Haa (xoTs ecTb h TpeTHit!). Mm cpasy ccJjopMyjinpyeM o6iii,hh pesyjib- 
TaT [1,40]. TpyflHOCTb 6bijia tojibko b tom, htoGbi flora^aTbCH h naiiTH 
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flaiiiiyio oiiciiKv, nocjie SToro flOKasaxejibCTBO npeBpamaeTca b necjioJK- 
Hoe ynpajKHeHHe. 

Bes orpaHHHeHHa o6mHOCTH ^ajiee Gy^eM npeflnojiaraTt, hto Btinoji- 
HeHbi ycjiOBHH y^x,p^2^q>l. 

TeopeMa 2. IlycTb BbinojiHeHM ycjiOBHa (3). Tor/^a 

1. EcjiHy ^ X ^ 1, TO oufiHKa (2) jiynuie, hbm (4), to ecTb BbinojiHeHbi 
HepaseHCTBa 

^ [mm{x,y)]P ^ [max{x,y)]i ^ [max{x, y)]P ^ [mm{x,y)]i 

xy ^ 1 ^ 1 . loi 

p q p q 

2. EcjiH I ^ y ^ x ^ 0, TO oii,eHKa (4) jiy^nie, hbm (2), to ecTb 
BbinojiHeHbi HcpaBeHCTBa 

[ma.x{x,y)]P [mm{x,y)]'' [mm{x, y)]P [inax(a:, y)]'^ 

xy -r ~r .101 

p q p q 

3. EJcjiB y^l^x^O, TO npH flaHHOM x cymecTsyeT e^nHCTBeHHoe 
KpHTM^ecKoe SHa^eniie y = ycr, KOTopoe HBjiaerca peineHneM TpaHCii,eH- 
flfiHTHoro ypaBHeHHH 

^_^ = yl_yl (7) 

p q p q' 

B 3T0M cjiynae npn 1 ^ y ^ y^r oufiHKa (4) jiynme, neu (2), to ecTb 
BbinojiHeHbi HepaBBHCTBa (6), a npn y ^ ycr oiifiHKa (2) jiy^nie, leM (4), 
TO ecTb BbinojiHCiibi iicpaBCHCTBa (5). 

HnaHe roBopH, ecjiH ^Ba HHCJia jiejKax c o^hoh ctopghbi ot eflHHHn,bi, 
TO jiynme o;pio h3 HepaBencTB, c ;ipyroH CTopoHBi — jiynme flpyroe, a 
ecjiH e;piHHi],a pa3;i,ejiaeT ppa nncjia, to peajiHsyroTCii o6a cjiynaH. 

Tenepb wpMsepfiM o6eiii,aHHbiH HHCJieHHBitt npHMep na tpcthh cjiynaH 
B TeopeMe 2. 

IIphmep 3: a; = 0, 5,p = 4, g' = 4/3. Tor^a pacneT, KOTopbift mbi 

onycKaeM (cm. [1,40]), ;i,aeT KpnTHnecKoe SHaneHHe y^ ~ 1,35485. Bbi- 
6epeM a; = 0, 5, y = 1, 3 < ycr', Torp^a nojiynaeM xy = 0, 65, 

xP v« a;« yP 

— + — w 1, 07973, — + — w 1, 01166. 
p q q P 

KaK H cjie^eT h3 TeopeMti 2, b 3tom cjiyiae jiynme on;eHKa (4). 
A TenepB nycTb a; = 0, 5, y = 1, 4 > ycr', Tor^a nojiynaeivi xy = 0, 7, 

— + — « 1.19025. — + ^ « 1.25804. 

P q ' q P 



Generalized Inequalities with Applications. 



9 



KaK H cjie^ycT h3 TCopcMti 2. b stom cjiynae jiynnic oiiciiKa (2). 

Otmcthm, hto HanSojiee nojiHoe HSJiojKeHHe TeopHH HepaseHCTBa iln- 
ra H ero o6o6iii,eHHH npHBe^^eno b [99]. 

3. /^ajiBHeiimHe o6o6iii,eHHH h npHjioxceHHH HepaBencTBa 

5lHra. 

Tenepb naMeTHM HeKOToptie BOSMOJKHbie oGoGmeHHH h npHjiojKeHHs 
nojiyHeHHbix pesyjitTaTOB. 

1. KaK yKaaaii aBTopy npo4)eccop B. A. Po^hh, mojkho paccMOipeTB 
6ojiee o6lli,hh cjiynaii HepaBCHCTB Mnra (Tcnepb mbi snaeM, hto hx flBa!) 
c napoit npoHSBOJiBHbix BsanMHO ^onojiHHTejiBHbix 4)yHKLi,HH ilnra. Tax 
HasbiBaiOT napy (J)yHKii;HH, yflOBjieTBopaiomHx cooTHomeHUHM (o6biHHO 
yKasbiBaiOT TOJibKO nepBoe h3 hhx) 



JXajiee mojkho paccMaTpHBaxB pasHBie cjiynaH, ot xoponiHx cjjyHKi^HH 

Bce 6ojiee njioxnx. 

CjiynaH 1 (caMbift xopoinHft). 3to HCxo^Hoe HepaBencTBO Hnra (1), 

B KOTOpOM 



Tor;;a BsaHMHO flonojiHHTejiBHBie (J)yHKi]iiH ilnra N(x), M{y) hbjihiotc}i 
H HenpepBiBHO flH(|)4)epeHii;HpyeMbiMH, h BbinyKjibiMH, to ecTB xopomn- 

MH. 

OKasBiBaeTca, hto h b 3Toii 6ojiee o6in,eH (jjopMyjiHpoBKe moxcho noji- 
HOCTbK) noBTopHTb pesyjiBTaTbi, nojiyieHHbie Bbimc ^jih npocTeiiinero 
cjiynaa. IIpH 3tom pojib norpaHHHHoro ycjiOBHa x = 1 6yfleT Bbinoji- 
HSTb HenyjieBoe pemeHHe neKOToporo TpaHcn,eHfleHTHoro ypaBneHHsi c 
4)yHKii,HeH f{x). 

CjiyHait 2 (noxyace). IlycTb Tenepb ;i,aHa ^yuKu^nsi f{x),x ^ 0, 
Hey6biBaioii],a5i, HeoTpHn;aTejii)Haa, HenpepbiBHaa cnpaBa npn a; = h 
yflOBjieTBopsiomaa ycjiOBHSM /(O) = 0, /(+oo) = +oo. BBSfleM 4)yHK- 
nfoo, HasbiBaeMyK) npaBoii oGpaTHoit pflsi f{x), no (jjopMyjie 



xy < N{x) + M{y), xy < N{y) + M{x). 




g{s) = sup X, s 



>0. 
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Tor;;a (|)yHKn;HH 

N{x)= r f{t)dt,M{y)= f g{s) ds 
Jo Jo 

oGpasyiOT napy BsanMHO ^onojiHHTejibHbix (J)yHKn,Hii Hnra [3,29,99]. 3th 

4)yHKIi;HH OCTajIHCb HenpepBIBHblMH H BbinyKJIblMH, HO nepeCTajIH 6bITb 

HenpepbiBHO flH4)4)cpeHn,HpycMbiMH. HeKOTopbiii anajior TeopeMbi 2 b 
3T0M cjiy^iae eHi,e mojkho HOJiynnTb, t&k k&k ocTajiacb B03M0>KH0CTb 
6paTb npoH3BOflHbie. 

Cjiynaii 3 (KaHOHHiecKHii). KpaTKO hsjiojkhm Heo6xoflHMbie ^jih 
flajibHefimero 4)aKTbi h3 BbinyKjioro anajiHsa [17,21,33-34,58]. 

OnPEflEJiEHHE. <l>yHKLi,HH HasbiBaeTCH co6cm6eHHOu, ecjiH Bbinojine- 
HO ycjiOBHe f{x) > — oo, h xotji 6bi pflsi OflHoro x hs o6jiacTH onpe^ejie- 
HHH f{x) < +00. npeo6pa306aHueM JleoKandpa co6cTBeHHOH (J)yHKiiHH 
HasbiBaeTCH Bbipa>KeHHe 

{^f{x)){y) = sup(xt/ - f{x)). 

X 

B MHoroMepHOM cjiynae npoH3Be;i,eHHe 3aMeHaeTCH na CKajiapnoe 
npoH3Be^eHHe hjih /ipyroit jiHHeiiHbiii 4)yHKi];H0Haji. /^jih AH4'<t>6peHii;H- 
pyeMbix (J)yHKipiH mo»cho Bbipa3HTb npeo6pa30BaHHe JIe>KaH^pa hchbho 
Hepe3 rpa/pieHT. Caina ^yaKixan Moxcex 6biTb (J)aKTHHecKii npoH3BOJib- 
Hoii, HO ee npeoGpasoBanne JlejKaH^pa Bcer^a 6yfleT BbinyKjioli cJjyHK- 
Li,HeH c 3aMKHyTbiM Ha^rpacjjHKOM h nojiynenpepbiBHOii cjiesa. HepaBen- 
CTBa Hnra b stoh o6in,eii CHTyannH 3anHmyTCH Tax: 

xy < f{x) + {^f{x)){y),xy < f{y) + {^f{y)){x), (8) 

H onHTb B03HHKaeT 3a;;aHa o6 hx cpaBHenHH. Ho npoH3Bo;piOH Tenepb 
HST, nosTOMy KaK hx cpaBHHBaTb — nenoHHTHO. 

J\nsi npeo6pa30BaHHH JlesKanflpa npoH3BOJibHOH co6cTBeHHOH (JsyHK- 
HHH BbinojiHHeTCH eme o;i,ho KpacHBoe HepaBencTBO f){x) ^ f{x). 
Ho M03KH0 3aMeTHTb, HTO npH noflCTanoBKe b nero KOHKpeTHbix 4)yHK- 
ii,HH, KOTopbix npeo6pa30BaHHe JTejKaHflpa h3bcctiio, Bcer;i,a nojiy- 
HaeTca paBencTBO. 3to necnpocTa, h npHBo;i,HT k ofsfiouy h3 caMbix 
BaxcHbix (jsaKTOB BbinyKjioro aHajiH3a — xeopeMe Oenxejia— Mopo o6 hh- 
BOjiiOTHBHOCTH npco6pa30BaHHa JlejKaHflpa. Ona yTBepjK^acT, ^ito npe- 
o6pa30BaHHe Jle}KaH;i,pa hhbojiiothbho (to ecTb, ero KBa;i,paT ecTb tojk- 
;;ecTBeHHoe npeo6pa30BaHHe) Tor;;a h tojibko Torp^a,, Kor^a Hcxoflnaa 
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4)yHKLI,Ha HBJiaCTCH C06CTBCIIII0H, BBinVKJIOH H cc Hfi^irpacjDHK SaMKHyT. 

Bo Bcex paccMOTpeHHbix Bbiine cjiynaax napti (J)yHKLi,HH N(x),M[x) 
yflOBjieTBopsijiH ycjiOBHHM 3T0H: TeopeMBi, no3TOMy caMH 3th <J)yHKii,HH 
HBjiajiHCb npeo6pa30BaHHHMH JIcjKaHflpa APyr flpyra. BoaMOJKiio, nopa- 
BeHCTBO (8) MOJKHO HCCJie/i,OBaTij no Hainoil cxomo, saMCHHB npHMeneHne 
npoHSBOflHOH Ha npHMeneHHe cy6flH4)4>epeHD,HajiOB [18-19,58]. 

CjiyHait 4 (caMBiit njioxoft) . B Tpex npHBe^enHBix cjiynaax Bce 4)yHK- 
ipiH 6bijih BBinyKjiBiMH. MojKHO jiH nocTpoHTB napy BsaHMHO ^onojiHH- 
TejiBHbix no Hnry 4)ynKn;HH, xotb o^na h3 KOTOpbix 6bijia 6bi ncBbinyK- 
jiOH? OKasBiBaeTCH, hto ^a, mojkho. 3tot cjiynan paccMaTpHBaeTca b 
TeopeMe BnpHGayMa-OpjiHHa, npHBe;i,eHH0H b K0Hn;e KHHrn [29] . B 3toh 
TeopcMC npHBO/;HTCH Ha6op Tpc6oBaHHH na opfiy h3 4)yHKn;HH N{x), ko- 
Topaa MOiKCT ne Gbitb BBinyKjioit, htoGbi BMecTe c ee npeoGpasoBanHeM 
Jlexanflpa M{x) ohh o6pa30BBiBajiH HyjKHyio napy n y^OBjieTBopHjin 
HepaBencTBaM Sbsra. Kek nonyHHTB aHajior TeopeMti 2 ^jih SToro cjiy- 
Haa coBepmeHHO HeacHO, Tax KaK Tenept hbt ne tojibko npoHSBOflHBix, 
HO H napbi HHBOjnoTHBHBix npeoGpasoBaHHH JlejKan^a. 

2. ^Jia 6ojibmHHCTBa MaTeMaTHKOB HepaBencTBO ilnra 3to npocTO 
HHCTpyMenT fljia flOKasaTejibCTBa nepaBencTBa Fejib^epa. H sto flen- 
CTBHTejibHO o^HO H3 BajKHeftmnx npHMenennH ^annoro nepaBencTsa. 
Cjie^yeT CKasaTb npesc/;e Bcero, hto hctophhcckh cnpaBefljiHBbiM 6bi- 
jio 6bi flpyroe Ha3BaHHe: nepaBencTBO Po^jKepca-Fejibflepa-PHCca. 3to 
nepabencTBO 6bijio BnepBbie b 3KBHBajieHTH0M BH;i,e fl0Ka3aH0 Jleonap- 
;i,OM PoflJKepcoM B 1888 r., b flpyroM 3KBHBajieHTH0M bh^c Otto Fejib- 
;i,epoM c yKa3aHHeM na BKjia/i, Po/],jKepca voj\ cnycTa b 1889 r., a b npn- 
BbiHHOM HaM BH^c B 1910 V. OpH^benieM (<l>pe;i,epHKOM?) Phccom b toh 
TKB snaMeHHTOH pa6oTe, r^e hm 6bijiH BBe;^eHbI npocTpancTBa Ip n Lp. 
K cojKajiOHHK), paGoTbi 3aMenaTejibHoro anrjiniiCKoro MaTCMaTHKa Jleo- 
Hap/i,a ^jKeliMca Po;],>Kepca (1862-1933) Ghjih nesacjiyaceHHO h na^oji- 
ro 3a6biTbi. IIpHopHTeT Jl. Pop^TKepca b ^OKasaTejibCTBe snaMenHToro 
HepaBBHCTBa 6biji He;],aBHO BOCCTanoBjien nocjie ny6jiHKan,HH nojibCKoro 
MaxeMaTHKa Jlexa Majinrpanflbi [88,91[, xoth b xopomnx KHHrax 3to 
flaBHO OTMena.jiocb. no noncMy-xo b cnocKax [3,60,99]. 

HTaK, paccMOTpHM npocTeiimee nepaBencTBO Po;],>Kepca-rejibflepa- 
Pncca fljia napbi bbktopob c HeoTpHn;aTejibHbiMH KOMnoneHTaMH b ko- 



12 



Sitnik S. M. 



HeiHOMepHOM npocTpancTBe. IlycTb 

( n \p I n \ q 

npH ycjioBHsx p ^ 2 ^ q > 1. Tor^a o6biiHoe HepaseHCTBO P-F-P npn- 
HHMaeT Bim 

k=l 

B CTaimapTHOM ^OKaaaTejibCTBe Tenept nyjKHO npHMenHTb HepaeeHCTBO 
ilnra k napaM hhcbji ^ , ^ , KOTopBie oneBH^HO Bce Menbine e^HHHi^Bi, 

HTO KaK pa3 H HIITCpOCIIO, TaK KaK Mbl BCCr^a OKajKCMCH B HOCTailflapT- 

Hbix ycjiOBHHX HyHKTa 2 H3 TcopoMBi 2. B posyjiBTaTC nojiynacTca 

TeopeMa 3. CnpaBe^jiHBO cjieflymmee yroHHeHHe ffacKpeTHoro 
HepaseHCTsa PoflyKepca-Fejibflepa-Piicca, cjie/i,yioni,ee h3 Teopembi 2: 

j^a.b, ^j^f [max(i^,%)F ^ [niin(^, %)] A ^^^^ 

fe=i ^ fe=i \ ^ ^ / 

AHajiorHHHO MOJKeT Gbitb o6o6iLi,eHO h cooTBeTCTByiomee HHTerpajit- 
Hoe HepaBeHCTBO. PasyMeeTcs, jiio6bie yToiHeHHH HepaBencTBa P-F-P b 

;i,HCKpCTIIOM HJIH HHTCrpajIBHOM CJiy^aSX npHBOflHT K COOTBeTCTByiOmHM 

yTOHHeHHHM HepaBeHCTBa MnnKOBCKoro. 

Otmsthm TaKJKe paspaGoTanHyio A. F. KycpaeBtiM TexHHKy nepene- 
ceHHs pesyjiBTaTOB ^jia hhcjiobbix HepaBCHCTB na paBHOMepno nojiHtie 
HHCJiOBBie penieTKH h onepaTopti b hhx. nofloGnoe pacnpocTpaneHHe 
fljiH HepaBeHCTBa Pofl}Kepca-Fejii>;],epa-PHCca npoBe/i,eHO b [89-90] . IIpH 

3T0M OCHOBHBIM HHCTpyMeHTOM CTaHOBHTCH ^pe;^CTaBJIeHHe BbinyKJIblX 

nojiojKHTejiBHBix oflHopoflHbix cJ^yHKiiHH B BMjifi BcpxHeii orH6aioiii,eH ce- 
MeiicTBa jiHHeiiHBix (J)yHKLi,HOHajiOB, KaK b KjiaccHHecKHx Teopeiviax Mhh- 
KOBCKoro H XepMaH^epa h3 BBinyKjioro anajiHsa. 

4. KjiaccHHecKHe h a6cTpaKTHBie cpeflHHe SHaHeHHH. 



4.1. A6cTpaKTHbie cpe^HHe. Cpc^iiiHC BejiHHHHbi nepBOHaHa.nb- 
HO B03HHKJIH B /IjjeBHeH Fpei^HH npH penieHHH saf^SM na nponopi],HH 
B TepMHHax OTHomeHHs OTpesKOB h p^jtvlk reoMeipHHecKHx aaflan, 
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CM. [9,109]. TaK Gbi.nii bbc/iciim npocTCHiniic cpcri;iiHe: apH^jMCTHHecKoe, 
reoMeTpHHecKoe, KBa^paTHHHoe h rapMOHHHecKoe 



M^^y) = —j^,G{x,y) = y/x;y,Q{x,y) = y — - — ,x,y^ 0, 

H{x,y) = A{-,-) = ^^, x,y>0. 
X y' x + y 

PasjiH^Hbie BonpocBi leopHH cpeflHHx ;i,0CTaT0HH0 noflpo6HO hsjio- 
xceHBi B jiHTepaType [3,60,97,99]. OcoSenHO otmbthm cnen,HajibHO no- 
CBHmeHHbie 3THM BonpocaM MOHorpa(J)HH [9,72,79,96,109], a Taicace h3- 
jioxceHHe B pa6oTax aBTopa [37-39] . 

HaSjiiofleHHH sa npHBeflennbiMH Bbime npocTeiimHMH cpe;i,HHMH npn- 
BO^T K BbiBopy, ^To Bce OHH o6jia;i,aiOT neKOTopBiMH xapaKTepnbiMH 

06lII,HMH CBOitCTBaMH: OflHOpOflHbl, CHMMeTpHHHbl, MOHOTOHHbl, a TaKsce 

npH X = y paBHbi x. 3to npiiBo^iHT k H^ee onpe^ejiaTb a6cTpaKTHbie 
cpe^HHe npH noMomn cooTBeTCTByiomHx aKcnoM. 

OnPEflEJiEHHE. A6cmpaKm,HUM cpeduuM flByx HeoTpHii;aTejibHbix 
HHceji HasbiBaeTCH hhcjio M{x,y), yflOBjieTBopaiomee cjie^iomHM aK- 
CHOMaM: 

1) (cBoiicTBO HecMemeHHOCTn) 

M{x, x) = X, 

2) (cBOiiCTBO OflHOpOflHOCTH) 

M{Xx, \y) = A M{x, y), A > 0, 

3) (cBOHCTBO MOHOTOHHOCTH HO 060HM apryMeHTain) 

X2> xi^ M{x2,y) > M{xi,y), t/2 > yi ^ M{x,y2) > M{x,yi); 

4) (cBOitCTBO CHMMeTpHHHOCTn) 

M{x,y)=M{y,x). 

OHeBH;i,HO, HTO eCJIH BbinOJIHeHO CBOHCTBO CHMMeTpn^IHOCTH, TO TO- 

Tfia, ;],0CTaT0HH0 mohotohhocth jinnib no o^ipoMy apryMCHTy. Hs npHBe- 
;;eHHbix Bbime BbiTeKaei xaioKe BaacHoe cbohctbo npoMexcyTOiHOCTH 

min(a;,y) < M{x,y) < max{x,y), 
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KOTopoe HacTO BKjiiOHaiOT b hhc.jio ociiobiimx (aiia.jioriiHiio tomv, Kax 
BKjiioHaiOT B HHCJio aKCHOM HopMbi HeoTpHLi,aTejibHOCTij, xoTa OHa cjie- 
;iyeT H3 ;i,pyrHx aKCHOM). 06biHH0 no;i,pa3yMeBaeTCH TaKJKe HenpeptiB- 
HOCTL no 06011M aprvMciiTaM, HHOrfla fljiH nojiyiCHHS 6ojioc ^CTa.jibiibix 
pesyjibTaTOB HyjKHM flonojiHHTejiBHO HeKOTopaa rjia/i^ocTb (nanpHMep, 
ecjiH HepaBeHCTsa Me>K^ cpe^HHMH ;i,OKa3biBaiOTCH c HcnojibaoBanHeM 
OflHoii HjiH HecKOJiBKHx npoH3Bo;pibix) h onpeflejieHHaa MOflHcJjHKaipisi 

CBOHCTBa aHajIHTHHHOCTH. 

^jia (J)opMyjiHpoBKH ^ajibHeiiniHx peayjibTaTOB naM TaKJKe noTpe6y- 
eTca noHHTHe conpajKeHHoro cpe^Hero. 

OnPE/],E,JiEHHE. ConpHxceHHbiM K a6cTpaKTH0My cpe^HeMy nasBiBa- 

CTCH BejIHHHHa 

HsBecTHBi ;];ocTaTOHHO mapoKHe Kjiaccbi cpe/i,HHx, y^OBjieTBopaio- 

mHX npHBe^eHHBIM aKCHOMaM. IlepeHHCJIHM OCHOBHBie H3 hhx. 

4.2. CTeneHHbie cpe^HHe. 3to caMbie HSBecTHBie cpe/piHe, cm., 
HanpHMep, [3,9,60,99]: 

M{x,y) = M^{x,y)= ^ , -00 < a ^ 00 , q ; (12) 

M-oo{x,y) = min(a;,y) , Mq = y/xy , M^{x,y) = max(a;,y) . 
CTeneHHBie cpe;piHe o6pa3yK)T ynopH;;oHeHHyio niKajiy no napaMCTpy: 

ai > a2 Mai{x,y) > Ma^{x,y) , V a;,y . 

TpH HCKjiiOHHTejiBHBix SHaHeHHsi {a = —00,0, +00} MoryT 6biTb no- 
jiyneHbi h3 HCHCKjiiOHHTejiBHBix npe^ejiBHbiM nepexo^OM. Akchomm a6- 
CTpaKTHoro cpeflHero l)-4) npoBepaiOTca Henocpe/i,CTBeHHO. 

KpOMe CHMMeTpHHHblX Cpe^HHX HCnOJIBSyiOTCSI H HeCHMMeTpHHHbie. 

CaMbie H3BecTHBie us hhx — sto cpe^HHe apH(|)MeTHHecKoe h reoMeTpn- 
HecKoe c HeoTpHn,aTejiBHBiMH BecaMH a, : 

Aa,i3{x,y) = ax + fy,Ga,fi{x,y) = x"y'^, a + /3 = l. (13) 

HepaBCHCTBO mok^jv iiiimh — 3T0 HepaBCiiCTBo 5lHra, KOTopoc MBi yjKC no- 
flpoGno paccMOTpejiH. AnajiornHHO bbo^htch BecoBoe cpe^nee CTenennoe 
npoHSBOJibHoro nopa/pca. 



Generalized Inequalities with Applications. 



15 



4.3. Cpe^HHe T. Pa^o. Mbi nasoBeM tsk cpe^HHe cjie;iyK)in,ero 

( x^^'^ - w'^+i \ ^ 
^&k^^y)=y ^^^^^'^_ ,-oo</3<oo, /3^0,-l; (14) 

R-oo{x,y) = mm{x, y),Roo{x,y) = max{x,y). 
OneBH/pio, 1T0 

R-2{x,y) = Mo{x,y),Ri{x,y) = Mi{x,y). 

HcKjiiOHHTejibHbie SHaneHHH nopo>K/i;aiOT napy ropasflo Menee HSBecT- 
HBix cpeflHHx: jiorapH(J)MHHecKoe 

R.,{x,y) = L{x,y) = (15) 
In y — In X 

H TO, KOTopoc B sana^iHOH jiHTepaiype hohcmv to iiasbiBacTCH idcntric, a 
aBTop npe;i,jiaraeT HasBiBaxb MHorosTajKHO-noKaaaTejiBHbiM hjih npocxo 

MH0r03Ta,»CHBIM ^ 

Ro{x,y) = -('4y~^ ■ (16) 
Cpe^HHe Pa/1,0 TaKJKe oGpasyiOT niKajiy no napaMexpy: 
Pi> Rl3i{x,y) > Ri3^{x,y), ^x,y\ 

HSTbipe HCKJIIOHHTejIbHblX SHaHeHHH ^ = { — 00,— l,0,+Oo} MOryT 6l>ITI> 

nojiyneHbi h3 HencKjiiOHHTejibHbix npe/i,ejibHbiM nepexo/i,OM. Akchomm 
a6cTpaKTHoro cpe/i,Hero npoBepaiOTCH Henocpe/i,CTBeHHO. 

KoneHHO, BejiHHHHBi Rp, Koxopbie asjiHiOTca HHTerpajiBHbiMH c^epr 

HHMH OT CTeneHHOii 4)yHKn,HH, BbinHCblBajIHCb C MOMCIITa B03IIHKII0Be- 

HHH AnajiHsa. Ho HMenno TnGop Pa/1,0 npoBeji b 1935 r. b paGoxe [104] 
/i,eTajibHoe Hccjie/i,OBaHHe 3thx cpe/i,HHx, KOTopbie noHaflo6HjiHCb eiviy 

flJIH HSyiCHHS Cy6rapM0HH10CKHX 4)yHKLi;HH. B HaCTHOCTH, HM SblJIH flO- 

KaaaHbi saMcnaTCjibKbie xeopeMbi o cbhsh flByx ochobkbix mxaji cpeflnnx 
Ma H Rjj- TaK, H3 peayjibTaTOB Pa/1,0 cnepyei, hto cpe^Hne h3 Asyx yKa- 
aaHHbix niKaji coBna/i;aiOT jinnib b cjie;iyK)ni,Hx hsith cjiynasix: 

M_<x, = i?-oo,Mo = R-2,Mi = Ri,Mi =Ri,M^ = R^. 
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HanSojiee ^lacTO Hcno.jiL3ycMMc cpc^iiiHC 

(min, max, apH(J)MeTHHecKoe, reoMeTpHnecKoe) bxo^ht b o6e niKa- 
jibi. ^pyrHM saMenaTejibKbiM pesyjitTaTOM Pa;^o aBjiHeTCs nojiHoe 
onHcanHC MHOJKecTB napaMSTpoB {a,P), npn KOToptix BbinojiHeHH 
HepaBencTBa 

^Rp^ Af„, , Rp, ^Mo^^Rp,, (17) 

B nacTHOCTH, h3 ero pesyjiBTaTOB nojiynaeTca, hto (J)OJibKjiopHoe 
HepaBeHCTBO ^jisi cpe;i,Hero jiorapncjjMH^ecKoro Mq ^ i ^ Mi, KOTopoe 
co^epjKHTCH eme b opHrHHajibHoii pa6oTe B. 51. ByiisKOBCKoro b Kane- 
CTBe npHMepa na npHjio>KeHHH ero HHTerpajiBHoro HepaBCHCTBa, MOJKeT 
GbiTb ycHjieno cjie^yiomero: 

^ — y 

Mo{x, y) = y/xy ^ L{x, y) = — < 

In a; — In y 

^M.{x,y)=i^-^y^'^ , (18) 

npHHCM nopsmKH cpe/piHx h 1/3 hbjihiotch HeyjiyHinaeMbiMH. Ilocjiefl- 
Hee HepaBeHCTBO MHoroKpaTHO nepeoTRpbiBajiocB b jiHTepaiype. 

K coxcajieHHK), ycjiOBHs TeopeM Pa;i;o, npn KOToptix BtmojiHeHbi 
on,eHKH (17), npHBeflCHbi iim hc b sbhom bh/jc. Tax ohh Li,HTHpyK)TCH 
H B HSBecTHBix MOHorpacjjHHx, nanpHMep, [97,99]. Bo3mo}kho, 3to Ofsfia 
H3 npHHHH, HO KOTopoii HepaBencTBa Pa^^o MHoroKpaTHO nepeoTKptiBa- 
jiHCb H nepeHasbiBajiHCB. PacniHcjDpoBKa ycjiOBHft opHrHHajibHoii pa6oTbi 
Pa/1,0 He B TepMHHax neKOTopbix ;i,onojiHHTejibHbix HepaseHCTB, a Heno- 
cpe/i;cTBeHHO nepea napaMeipbi, nojiynena b [41]. PesyjibiaTbi coflep»aiT 

TeopeMa 4. CnpaBefljiMBbi cjieffyiomjie /isycTopoHHiie Heyjiyninae- 
Mbie oneroor cpe^HMx Pa^o lepes CTenenHbie cpe^Hue: 

Ma+2 < i?c < Mo , npH a G (-oo, -2], 

3 

Mo < ii„ < Mc+2 , npH a G [-2,-1], 

3 

M_ato^ < -Ra < Ma+2 , npn a G (-1, -1/2], 

Ma + 2 < < M aln2 , JipiT U G ["1/2, l), 

3 ln(l + a) 
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(npH a = nocjicjifiee HepaseHCTBO noHHMaerca b npe^ejibHOM CMbicjie 

aln2 ^ < i?a ^ Ma+2 , UpiT Q! G [1, Oo] . 

/^EHHaH TeopeMa 6Mjia pacnpocTpaHena na cjiynaii 6ojiee o6iii,hx 
cpeflHHx P^xMBM-Papfl (CTOjiHpcKoro) B pa6oTax [102-103]. 

Otmbthm TaKJKe nojiyneHHoe b [42] HepaBencTBO ^jih cpe;i,Hero jio- 
rapH(|)MHHecKoro 

L(Mi{x,y),Mo{x,y)^ ^ L{x,y) ^ L{Mi{{x,y), Mo{x,y)), 

B KOTOpoM nopH^KH cpcfliiHX iiaHjiy^iniHe. 

HepaBeHCTBa MesK^iy cpe/i,HHMH — 3to pasjiHHHbie cnoco6i>i hx ynopa- 
flOHHBaHHs. HHor;i;a HcnojibsyiOTca ;i,0CTaT0iH0 SKSOTHnecKiie BapnaH- 
Tbi TaKoro ynopa/i;OHHBaHiiH, nanpHMep, c HcnojiBSOBaHHeM npeo6pa30- 
BaHHH Oypte h nojiojKHTejibHO-onpeflejieHHBix (JjyHKi^Hii, KOToptie tsm 
He Menee naxo^HT nojiesHbie npHjiojKeHHH, cm. [79]. 

4.4. Cpe/i,HHe flpawsivi h JleMepa. 

HTajibHHCKHii CTaTHCTHK KoppaflO ^jkhhh bbcji HasBaHHbie ero hms- 
HSM cpe;piHe c ^ByMsi napaMeipaMH b 1938 r. no <J)opMyjiaM 

Giu,v{x,y) = ( t '^v I ,u^v, (19) 
Xx"" +y^ J 

„. , , /a;"lna; + y"lny\ 

(^iu,v{x,yj = exp — — I u = 0, 

\ x^ + y^ J 

Giu,v{x, y) = G{x, y),u = v = 0. 

OcHOBHbIM npe;];MCTOM HSyiCIIHS JXyKWHVL 6bIJI0 HMymeCTBCHHOe 

HepaseHCTBO, ^jih ero onncanHH oh h bbcji HH;i,eKC /],}khhh, ocHOBannbiH 
Ha npe;p)i;iyni,Hx (J)opMyjiax. 3to o^ho h3 ochoehmx hohhthh coBpeMSH- 

HOit COHHajIbHOH CTaTHCTHKH. 

BaacHbiii nacTHbift cjiyiaii cpe^HHx ^jkhhh nojiynaeTCH h3 (19) npn 
V = u — 1. 3th cpeflHHe 6bijiH nepeoTRpbiTbi b 1971 r. JJ^. JleMepoM h 

HMeiOT BH/; 

Le^{x,y)= . (20) 

x^ + ?/" 
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4.5. KeaaHapHcfuvieTHHecKHe cpeflHHe. 

OnPEflEJiEHHE. IlycTb flana HeoTpHi^aTejibHaH MOHOTOHnaa (J)yHK- 
njiH f{x), Ha6op HeoTpHi],aTejibHbix wceji x = {xi,X2, ■ ■ ■ , Xn) h neoT- 
pHD;aTejibiiBix bccob p = {pi,p2, - ■ ■ ,Pn)- Keaauapu^MemuuecKUM cped- 
HUM HasMBaeTCH BbipajKeHHe 



B HacTHOM cjiynae f{x) = x nojiynaeM oGuHHoe secoBoe cpe^Hee apiicj)- 
MCTHHecKoe, HBM oGtHCHHeTCH HasBaHHe. 3to cpeflnee CTajio niHpoKO 
H3BecTH0 nocjie Bbixo^a MOHorpaeJjHH [60], b KOTopoft oho npHMeHHJiocb 
PflSL HsyieHHH o6o6iii,eHHOH BbinyKjiocTH OTHOCHTejiBHO napbi (J)yHKn;HH. 

OcHOBHbie pesyjibTaTbi fljia KBasHapncjjMeTHHecKoro cpeflnero Sbijih no- 
jiyneHbi b pa6oTax KojiMoropoBa, HaryMO h OnHeTTH. Ohh b cyme- 
CTBeHHOM CBO^i^TCsi K ^DKasaTejibCTBy flByx ocHOBHbix cbohctb: 

1. KBaSHapHcJ^MCTHICCKHC CpC^IIIHC COBHa^aiOT TOr^a H TOJIBKO TO- 

Tfia,, Kor;i,a nopojK^aiomHe hx (J)yHKLi,HH CBHsanbi jiHHeiiHbiM cooTHOine- 

HHSM. 

2. HenpepbiBHoe KBasHapHcJjMeTHHecKoe cpe^Hee oflHopoflHO Tor;;a h 
TOjibKO Tor^a, Korfla oho coBna;i,aeT co cpe/piHM CTenennbiM. 

^aHHbie cpe;i,HHe BCTpenaiOTCH b orpoMHOM HHCJie sap^en. HanpnMep, 
OHH HCHOJibsyiOTCsi B He;;aBHHx pa6oTax aKa^. B. 11. MacjiOBa ho npn- 
MeneHHio HejinneftHbix MO^idiefi b MaTeMaTHnecKOH SKOHOMHKe [25-28]. 
B MOHorpacjjHH [61] KBaanapHcjaMeTHHecKHe cpe^nne npHMeHaroTCH /i,jia 
fleiajibHoro anajiHsa pasjiHiHbix bh;i;ob 3htpohhh. 

4.6. HTepai];HOHHbie cpe^HHe. 

PaccMOTpHM HTepaH,HOHHbiH Hpon,ecc npn sa^anHbix CTapTOBbix 
3HaieHHsix Xo,yo h nape aGcipaKTHbix cpe/i,HHx (M, N) : 



B o6m;eM cjiy^iae nojiynaeivi ncKOTopyio ;];HHaMHHecKyio CHCTeMy na 
njiocKOCTH, KOTopaa HMeei HHTepecnoe acHMnTOTHnecKoe noBe^eHne 
(flHHaMHKy) npn n oo, ho onenb cjioxma ;i,jia HsyieHna p^asKe npn 
npocTeiinieM Bbi6ope napbi cpeflHHx {M,N). 

OnPEflEJiEHHE. IlycTb cyni,ecTByeT o6n],HH wpepfiii nocjie/i,OBaTejib- 
HOCTeii Xn ^ Un- Tor;;a oh nasbiBaeTca umepav,uoHHUM cpednuM h o6o- 




Xn+l = M{Xn,yn), Vn+l = N{Xn,yn)- 
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3HaiaeTCH 



IJ,{M,N\ xo,yo) = /"(a;o,2/o) = lima;„ = limy, 



(21) 



Henocpe;i,CTBeHHO npoBepHeTca, hto HTepan;HOHHoe cpeflnee napti 

a6cTpaKTHbix cpe^Hnx TaKJKe aBjiaeTCH hobbim a6cTpaKTHBiM cpe^HHM 
H Hacjie;i,yeT cooTBeTCTByiomHe aKcnoMBi 1) - 4). TaKJKe npHHHTO ^pyroe 
o6o3HaHeHHe bmbcto h{M, N), a hmchho M (S) N. 

CeMOC H3BCCTIIMM HTCpailHOIIIIBIM CpCflllHM HBJiaeTCH apHcJ^MCTHKO 

reoMeTpHHecKoe (AGM — arithmetic-geometric mean), HsyneHHoe Jle- 
xaBflpoM H rayccoM. Oho nojiynaeTCH npH Bbi6ope M = Mi, N = Mq 
H BBipaxcaeTCH no (i)opMyjie 



r^e K[x) — nojiHbiii ajijinnTHHecKHii HHTcrpaji JlexcaHflpa nepBoro po^a. 

PasyMeeTCH, moscho paccMaTpHBaTB h orpoMHoe hhcjio HTepaii,Hit c 
flpyrHMH cpeflHHMH, HjiH MeHHTB Hx HO xopy HTepannii, no anajiornH c 
MSTO^OM SeiiflejiH. 

TeopHH HTepau,HOHHbix cpe;i,HHx b nacToamee BpeMH axTHBHO paa- 
BHBaeTca n HBjiaeTCH, b nacTHOCTH, hctohhhkom BoanHKHOBenHH hobbix 
KjiaccoB cnen,HajibHbix dpyuKuwa — rHnepTpaHCLi,eHfleHTHBix 4)yHKn,HH. 
SnaHHTejiBHaH nacTB STOii Teopnn nsjioJKena b Knnrax ^jKonaTana n 
IlHTepa BopBeiiHOB c coaBTopaMH [65-69,5]. 

B SaKJUOHCHHC nCpC^IHCJICHHH paajIHHHblX Cpe^HHX OTMCTHM, HTO 

neKOTopbie ajieMenTapHBie onepan,HH ne BBiBOflST ns SToro Kjiacca. Ha- 
npHMep, cpe/ipee ot napw cpeflnnx — 3to bhobb cpeflnee. JXasayK) npon;e- 
flypy MO»cHO HeorpaHHieHHO npo/i,oji3KaTb. HecMOTpa na cbok) OHeBH/i;- 
HOCTb, 9T0 (|)opMyjiHpoBKa OHSHb Mon];Horo MSTO^^a, nopojKflaiomero b 
KOHKpeTHbix cjiyia,Hx npaKTHHecKH Bce nsBecTHbie npon,e^ypbi nocTpo- 
enHH HOBbix cpe^piHx h3 npocTenmnx. 

IIojiesHbiM Heo6biHHbiM cpeflHHM HBjiseTCH TaKJKC noHHTne MefivLan- 
Tbi flByx ppoGevL, BBO^HMoe b Teopnn pa^OB Oapea, no KOTopoMy nerpa- 
MOTHbie mKOJibHHKH H CTy^eHTbi H CKjia^biBaiOT ;i,po6h. ^ajiee mm hc- 

nOJIbSyCM 3T0 CpC^HCC. 

TaKnM o6pa30M, moxcho c^ejiaTb ocnoBnoii ;i,jih ^annoro pas^ejia 
BbiBOfl, HTO cymecmeyem SHauumejibHoe hucao KonnpemHux npuMepoe 
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a6cmpaKmHux cpediiux. Oiih Hcno.jibsyroTCH ^ajiee b Ka^iccTBC "khphh- 
hhkob" , H3 KOTopbix, HanpHMep, coGnpaiOTca pasjiHHHbie o6o6iii,eHHH 
HepaBeHCTB KomH-ByHsiKOBCKoro b HHTerpajiBHOM h ^HCKpeTHOM cjiy- 
Haax. 

Heo6xoflHMO noflHepKHyTb (JjyHflaMeHTajiBHyio pojit cpe^HEx CTe- 
neHHHx H Pa;;o, laK KaK Bce ocTajiBHBie nepeHHCJienHBie BBime H3BecT- 
HBie cpe/piHe BBipaacaiOTCH nepes hhx. IlosTOMy HMenHO sth p^e niKajiBi 

cpeflHHx HrpaiOT ocHOBHyio pojib b flaHHofi pa6oTe. 

4.7. IIojiHoe onHcaHHe 4)yHKLi,HH cpeflHHX h SHTponHH flJia 
flsyx nepeMCHHBix. 

HiaK, cpe^piHx oichb mhofo. Tcm y^HBHTejiBHee, hto y;i,ajioci> nojiy- 
HHTB onHcaHHC Bcex "xoponiHx" cpe;],HHx OT flByx nepeMeHHbix. B stom 
nyHKTe HSJiaraiOTca cooTBeTCTByiomHe peayjiBTaTbi, nojiynenHBie asTO- 

POM. 

TeopeMa 5. UponsBOJibHoe adcrpaKTHoe cpeflpee, o6jiafl,a,iomee 

CBOMCTBaMH HeCMemeHHOCTII, OJIflOpOflflOCTII, CHMMeTpM^IHOCTH, MOHO- 

TOHHOCTH H HenpepbiBHOCTH no 060HM apryMBHTaM npefl,CTaBjiseTCii b 
BHfle 

M{x,y) = {x + y)h{lny-), (23) 

X 

r/i/e h{t) RBjissTca onpe^ejieHHOM Ha BceA och HenpepbiBHOH ^bthoh 
(pyHKixmeM, yji/OBjieTBopfiiomeA cjieflyiomfiM ycjiOBHsiM npn t ^ 0; 

MO) = I, 

e'^je'^ + l) h(h) (6*^ + 1) 
e*2(e*i+l) " /i(i2) " (e*i + 1) ' 

CnpaBBflflHBO M o6paTHoe: KayKj^OH (pyHKu^HH h{t) c yKasaHHbiM Ha6o- 
poM CBOHCTB cooTBercTByeT no (popMyjie (23) HecuemeHHoe, Ofl^Hopofl^- 
Hoe, CMMMerpH^Hoe, mohotohhob h nenpepbiBHoe no o6onM apryMenraM 
cpeflnee. 

Bse^eHHaH c|)yHKn,Ha h{t) CBasana c {J)yHKLi,HeH o^hopo^hocth coot- 
BSTCTByiomero cpe^Hero M{x,y). 

ITojiyHeHHoe nojiHoe onncaHHe cpeflHHx snanemm nosBOjiaeT ^aiB 
HCHepnbiBaiomee onncaHHe 4)yHKii,HH SHTponnH ot flByx nepeMCHHBix, 
HTO aBjiaeTca BajKHBiM fljia TeopHH HH(|)opManiiH h /ipyrnx npHjiOHceHHH. 
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OnPEflEJiEHHE. 06o6iii,ciiiiofl: siiTponHeii, cooTBCTCTByiomeii npona- 
BOJibHOMy aGcTpaKTHOMy cpe^neiviy, nasbiBaeTca BejiHHHna 

E{x,y) = -ln{M{x,y)). (24) 

3to onpe^ejieHHe ne Ha;i,yMaHO, a OTpasKaeT nsBecTHbie KOHKpeTHbie 
4)yHKn;HH SHTponHH, KOTopbie o6in,enpHH}iTbi b TepMO^naMHKe h hh- 
4)opMaTHKe. 

CnpaBe;],jiHBa h o6paTHaH 4)opMyjia, BbipasKaiomaH cpepfiee nepes 
npoHSBOJibHyio SHTponnK) 

M{x,y)=eM-E{x,y)). 

Bbi6op KOHKpeTHbix cpe;i,HHx B onpe;i,ejieHHH (24) nopoacflaeT Bce h3- 
BecTHbie 4)yHKD;HH SHTponHH. TaK npH Bbi6ope BecoBoro cpe^Hero reo- 
MeTpHHecKoro nojiynaeTca onpe^ejienne SHTponnn no UlenHOHy, a npn 
Bbi6ope cpe/ipero .Hhchhh nojiyiaexcH onpe;;ejieHHe SHTponHH no Pe- 
HbH [61,108]: 

Ei{x,y) = -pihix -p2lny,E2{x,y) = -In ; . 

a-1 pix + p2y 

Hs npe^bi^meft TeopeMbi cpaay nojiynaeM nojiHoe onncanHe Bcex 
(J)yHKn;Hit SHTponnn ot flByx nepeMennbix. 

TeopeMa 6. IIpoHaBOJibHaa (pyHxii^a SHrponHH onpe^ejiaerca no 
(jjopMyjie 

E{x, y) = - ln(x + y) - ln/i(ln ^), 

X 

c HeKOTopoM (pyHKu^MeH h{t), r^e h{t) asjineTca onpe^ejieHHOH na Bcen 
ocH ncnpcpbiBHoit hbthoh (pyHKixneii, y/i/OBjieTBopsmmea cjieffyiom,HM 
ycjiOBHfiM npH t^Q: 

h{0) = I, 

e*^(e*^ + l) . Mil) .(f!l±l) , 
e*^(e*i+l) ^ h{t2) ^ (e*i+l)' ' ^ 
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5. 06o6lI],eHHH flHCKpeTHMX HepaBCHCTB KOLUH— ByHHKOBCKOrO. 

5.1. HcTopHHecKHe ceefleHHH. 

HepaBeHCTBO KoniH— ByHHKOBCKoro aBjiaeTCsi KjiaccHHecKHM nepa- 
BeHCTBOM AnajiHsa. ^jih KonenHbix cyMM h pjiflOB oho 6bijio flOKasano 
O. KoniH B 1821 rofly, a fljia HHTerpajiOB — B. 51. BynaKOBCKHM b 1859 
ro;i;y. Otmsthm, hto b 2004 rofly b KneBe cocTOHjiacB MesKflynapoflHasi 
K0H4)epciin,Hs, nocBamcHHaa /;ByxcoTjiCTHio co ffasi pojKflCHHs axa^eMH- 
Ka BnKTopa 5lK0BjieBHHa BynHKOBCKoro, na KOTopoH asTop BbiCTynaji c 
njienapHbiM ^OKjia;;oM no leMaTHKe ;;aHH0H CTaxBH. 

Kypc AiiajiHsa KomH, co/icpjKamiiH ;i,aHHoe HepaBencTBO, Bbimeji b 
PoccHH b 1831 r. b nepeBO^e ByHHKOBCKoro. Co6cTBeHHa,H pa6oTa Bynsi- 
KOBCKoro co;i,ep}KHT MHoro npHMepoB na npHMeneHHe ero HepaseHCTBa h 
BbiHHCjieHHii, HO ;i;0Ka3aTejibCTBa TaM hst. BceM hohhtho, hto h Kohih, 
H ByHSKOBCKHH ero SHajIH. 

Ha caMOM ^ejie, HepaseHCTBO Komn cpasy cjie;i,yeT hs TO}K;i,ecTBa 
JlarpaHJKa, KOTopoe 6bijio ^OKaaano hm hohth sa 50 jieT ;i;o KoniH npn 
n = 3, a npH n = 2 Sbijio hsbcctho eme /^HOc^aHTy. JlarpanjK bbibbji 
CBoe T0}K7i,ecTB0 npn HsyHenHH reoMeTpHH nnpaMHfl. 

HHTerpajiBHoe HepaBenCTBO BynaKOBCKoro 6bijio nepeoTKpbiTO ne- 
pes ;ipa;m,aTB iihtb jict T. A. IIlBapii;eM b 1884. Hphhsito CHHTaxB, hto 
HM BnepBbie ^ana Tenept npHBbiHHaH BceM cjaopMyjinpoBKa b TepMnnax 
CKajiHpnoro npoHSBeflenHH, hto ^ojijkho onpaB^aTb ero flojiro b nanMe- 
HOBaHHH SToro HepaBeHCTBa, ho sto HenpaB^a. Ha caMOM p^ejie 6ojiBniaH 
pa6oTa IIlBapu;a Sbijia nocBamcna ero ajiBTepHnpyionieMv MeTO^y. Hpn 
OH,eHKe cxo;i,HMOCTH oh HCHOJiBSOBaji cooTBeTCTByioni,ee nepaBencTBO, ko- 
TopoMy B pa6oTe nocBSHujen o^hh a63aii, h3 6 CTpoK. B hbm ;;aH Kjiac- 
CHHecKHii BbiBOfl Hepes KBaflpaTHbift TpexHjien. KcTarn, oS^yMbiBaHne 
3T0H pa6oTbi BCKope hphbcjio 3mhjih HnKapa k nepBoit BepcHH mcto- 
fla HocjieflOBaTejibHbix npnGjiHSKeHHii fljisi /i,H4)4)epeHii,HajibHbix ypaB- 
HSHHit. repMaH AMaHflyc UlBapn; MHoroe OTKpbiji caM, h hst HHKaKon 
HyjKflbi HpHnncbiBaTb CMy nyjKHe flOCTHJKenHH. Bchomhhm ajibTepHHpy- 
lomHH MeTOfl UlBapu^a, reopeMy o paBencTBe CMemaHHbix HpoH3BO/i,Hbix, 
pemsHHe sa^aHH Oanbnno, HHTerpaji KpHCTo4)4)ejiH-IIlBapii,a, hphhh;hh 
CHMMSTpHH PHMana— IIlBapH;a, canor niBapH;a, npoHSBOflHyio IIlBapii,a h 

T.fl. 

Hflesi o6o6Hi;eHH5i HepaBencTBa na HpocTpancTBa co CKajiapHbiM npo- 
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HSBefleHHCM 6i>ijia npe^BOCxHmeHa F. FpaccMaHOM, a b npiiBbii^iiOM iiaM 
BH^e pesyjibTaT 6biji onyGjinKOBan T. BefijieM b 1918 r. IlepBbiM bkjiiohhji 
HepaBeHCTBO KoniH— ByHHKOBCKoro b cboh MOHorpacjjHH Ooh HeitMan. 

CeiiHac vLsp^aao necKOJiBKO MOHorpa4)iiH, n,ejiHKOM nocBHineHHBix 
paccMOTpeHHio HepaBencTBa KoniH-ByHsiKOBCKoro [75-77,107,110], oco- 
6o H3 HHx OTMBTHM HB^^aBHioio saMeHaTejibHyK) KHHry CTHjia h nepByio 
H3 MOHorpa(J)HH Cesepa flparoMupa,. TaM ecTb ^ocTaTOHHO nojiHaa 6h6- 
jiHorpaeJjHH, nosTOMy mm hc 6y^eM i];HTHpoBaTb MHoroHHCjieHHbie pa6o- 
Tbi, nocBameHHbie pasjiHHHbiM o6o6iii,eHHHM ^aHHoro HepaBencTBa. 

5.2. HepaseHCTBa MHjina h Koji6o. 

HiaK, paccMOTpHM ^HCKpeTHoe HepaBencTBO KomH-BynsiKOBCKoro 
(Ex.-J ^fE^l fE^l). (25) 

\k=l J \k=l / \fc=l / 

B [60,75,99] npHBeflCHO ero HHTepecHoe o6o6in,eHHe b 4)opMe 

(n \ / " 2 2 \ 





9to H3BCCTHOC HcpaBCHCTBO, KOTopoc 6mjio flOKasaHO Mhjihom b 
1925 TOffy npn HCCJie^OBannH sa^aHH h3 acTpoHOMHH no BbrancjieHHio 
K034)4)Hii;HeHTa sses/iporo norjiomenHsi, h c Tex nop Heo;i,HOKpaTHO ne- 
peoTKpbiBajioCb. HepaBeHCTBO Mnjina hehjiocb o/ipoii hs OTnpaBHbix to- 
HeK p/[si nojiyieHHsi nsjioxcenHbix pfijiee pesyjibTaTOB no o6o6n],eHHio 
HepaBencTBa Komn-ByHsiKOBCKoro. B [60,75] npHBeflCHbi Taicace neKO- 
Topbie no;;o6Hbie on;eHKH. HnTepecnbie npHjioscenHH HepaBencTBa Mhji- 
na K TeopHH sjieKTpnHecKnx D;eneii n neKOTopbie o6o6ni;eHHH npnBCflciibi 
B [105]. ycTanoBjiena cbhsb SToro nepaBencTBa c (J)H3HHecKHM npHHi],H- 
noM MaKCBCJijia. Tojibko nepaBcncTBO b tckctc Knnrn nasBano nyacHM 
HMeneM, ho b saKjiio^iHTejibHOM saMC^ianHH CaH^op BOCCTanoBHji cnpa- 
BefljiHBOCTb, 3aoflfLO nepeHHCJiHB eni,e pa^ nepeoTKpbiTHii SToro peayjib- 
TaTa. 
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flpyrHM noflo6HbiM peayjitTaTOM HBjiaeTCH HepaBencTBO, ;^OKa3aHHoe 
K0J160 B 1965 r. 

(n \ ^ n n 

fe=l / fe=l fe=l 
cnpaBefljiHBoe npH a G [0, 1]. 

5.3. TeopeMa ^aiiKHHa— 3jiHe3epa— KapjiHLi,a. 

^ocTaTOHHO OHeBH;i,HO, ^To npHBe/i;eHHbie BBime o6o6in,eHHH HepaBen- 
CTBa KoinH-ByHHKOBCKoro, npHHa/i;jie5Kaiii,He Mminy h K0J160, hmciot 
o6myio npnpofly. Ona 6i>ijia BbiHBjiena b cjie^yiomeM pesyjibTaTC [75,99]. 

TeopeMa /^aiiKHHa— 3jiHe3epa— KapjiHii,a (CDE). /],Jia roro, 
HTo6hi fl^jis jiio6bix AByx nocjiefl,OBaTejibHOCTeA HeoTpimaTSJibSMx hm- 
ceji 6bijio BbinojiHeHO HepaseHCTBO 

9 

n n 

^^f{^k,yk)^9{xk,yk)^ (27) 
fc=i fc=i 






<^k 

\k=l 

Heo6xoflHMO H flocTaro^HO, iTo6ii uapa (^yHKn,HH f{x,y),g{x,y) yffo- 
BjieTBopajia cjie/iyioimiM rpeu ycjiOBHSM 

1) f{x,y)g{x,y)=xV, (28) 

2) f{Xx,Xy) = X^f{x,y), 

ox yfi^^ 1) , 3;fiy,l) ^ X y 

xf{y,l)^yf{x,l)^y^x- ^''^ 
HepaBeHCTBO Mnjina HBjiaeTca nacTHBiM cjiynaeM TeopeMbi CDE npn 
BbiGope f{x,y) = x"^ + y^, a HepaBencTBO K0J160 npH Bi>i6ope f{x,y) = 
2.1+ayi-a Q, g [0, 1]. 

EcjiH npoanajiHSHpoBaTB flOKasaTejibCTBO TeopeMbi CDE, to CTano- 
BHTCH HCHbiM, HTO B flocTaTOHHOH HacTH aBTopbi nepeoTKpbiBaiOT ana- 
jior TOHc^ecTsa JIarpaH»ca, KOTopbiii cymecTByei ^jih HepaseHCTBa He- 
6bimeBa. IIosTOMy ^OKaaaTCjibCTBO ^ocTaTOHHOCTH jiynine cpasy npo- 
BecTH c npHMeneHHeM HepaBencTBa HeGbimeBa, hto h npome h ne sa- 
TeMHHeT cyTH flejia. SaMenaTejibKbiM HBjiaeTCH nazp^eimbivL aBTopaMH 
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cnoco6 flOKasETejiBCTBa Heo6xoflHMOCTH TCopcMti H o6HapyjKeHHoe hmh 
ycjiOBHe (29). 3to rnGpn^Hoe ycjiOBne na (J)yHKLi,Hio, sanncbiBaeMoe e^H- 
Hoit npocTOH 4)opMyjiOH, h3 KOToporo cjie^yeT o^^HOBpeMeHHO ee o^ho- 

pOflHOCTB H MOHOTOHHOCTB, aHajIOrHH:iIO TOMV KaK H3 H3BeCTHOrO ycjio- 

BHs FoflyHOBOH-JlcEHHa cjiepyeT oflHOBpeMCHHO mohotohhoctb h BbinyK- 
jiocTb. Ha MOH BsrjiH/i, pojit tekhx rH6pH;],Hbix ycjiOBHii, o6'i>e;],HHHK)iii,Hx 
b oflHoii (|)opMyjie necKOJiBKO CTaH;i,apTHBix, noKa b AnajiHse HeflOOii,e- 
Hena, hx SHaneHHe eme npeflCTOHT pacKpbiTb. 

Tenepb c^ejiaeM cjie^yromHit BajKHbift mar. IlepenHineM nepaBencTBa 
MnjiHa H K0J160 B TepMHHBx cpe^KHx SHaneHHii. HanneM c nepBoro h3 

HHX. 

ff^xfc-yfe^ ^ (j2iM2{xk,yk)f] ■ fE(M2*(x,,2/,))'] ^ (30) 

\k=l J \k=l J \fe=l / 

Tflfi M2 = Q—cpeflfiee KBaflpaTHHHoe, a M| = M_2— ero conpsracen- 
Hoe (11). 3to npefljiaraeMaa MHoit sanncb HepaBencTBa Mnjina lepes 
cpe^Hee KBa;i,paTHHHoe. 
^ajiee, sanHineM 



•.{xk,yk)f 



. ij:iG*^^^{xk,yk)f ^ ]-{i:.yi]- (31) 

\fc=l / \fe=l 

r;i,e a G [O.ll, Gi+a i-o, — BecoBoe cpe;i,Hee reoMeTpHnecKoe (13), 

2 • 2 

G* i+a 1-Q = Gi^ 1+e, —ero conpaacenHoe (11). 3to npe;;jiaraeMaH 

2 ' 2 2 ' 2 

MHoit sanHCb nepaBencTBa K0J160 nepes BecoBoe cpe^Hee reoMeTpHne- 

CKoe. 

Tenepb mbi roTOBBi sanHcaTB TeopeMy ^3HKHHa-3jiHe3epa— KapjiHii,a 
B TepMHHax cpeflHHx, HanaB coe^HHeHHe ochobhmx TeM flanHoro o63opa. 

TeopeMa 7 (CDE b TepMHHax cpe/i,HHX SHaHeHHft). IlycTb 
fl^aHO a6cTpaKTHoe HecMemeuHoe, o^Hopo^Hoe a mohotohhob no 060- 
HM apryMBHTaM cpeppee M{x,y), M*{x,y)—ero conpaxeHHoe cpeffHee 
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(11). Tor^a cnpaBe^MBO cjie^iomee o6o6nj,eHiie HepaseHCTBa Koinn- 
ByHHKOBCKoro 



2 



^a;fc-2/J ^ ^(M(xfe,yfe))' • ^(M*(a;fc,2/fc))' U (32) 

\k=l J \fe=l / \fe=l / 



'[mm 

BepHO H o6paTHoe: Jiio6oe o6o6meHae HepaBBHCTBa Koiiih— 
ByHHKOBCKoro h3 reopeMbi /^aHKHHa-SjiMesepa-KapjiMu^a (CDE) 
B (jjopMC (27) MoyKCT 6biTb sanHcaHO b BHjifi (32) c uckotopbim cpe^RHM, 
yflPBjieTBopajomHM nepeHHCJieHHbiM Bbiine CBOitcTBaM. 

Otmsthm, TITO ycjiOBHe CHMMeipHHHocTH cpe^Hero b STOii TeopeMe 
He Tpe6yeTCH, hto ^onycKaeT laKHe cjiynaH, kek nepaBeHCTBO Koji6o. 

ITo MoeMy mhchhio, nepecjaopMyjinpoBKa TeopeMbi CDE b TepMHnax 
cpeflHHx ;i,ejiaeT ee ropa3;i,o 6ojiee noHSTHOii h npoapanHoii, a Taxxce 
CHa6»caeT siy TeopeMy KOJioccajiBHBiM hhcjiom KOHKpeTHBix npHMepoB 

H3 TCOpHH CpeflHHX BCJIHHHH B flOHOJIHeHHe K CKpOMHOMy HaSopy H3 

flByx npHMepoB (nepaBeHCTB Mnjina h Koji6o) bo Bcex nsBecTHbix mo- 
Horpa(J)H5ix. CTaHOBHTca noHsiTHbiM, aaneM mbi onncbiBajiH orpoMHoe 
MHOJKecTBO cpe/pnix b lacTii 4 ;;aHHoro oGaopa — c hx noMombio lenepb 
MOJKHO noBbinHCbiBaTb TaKHce orpoMHoe hhcjio o6o6iri,eHHH HepaBencTBa 
KoniH— ByHHKOBCKoro coBepmeHHO pasjiiiHHoro Bima. BaacHoii aaflaneft 
nBjiaeTca TaKJKe cpaBneHHe 3thx o6o6iii,eHHit Me»c^ co6oh, Kor;;a sto 

B03M0XCH0. 

6. 06o6ii];eHHH HHTerpajitHBix HepaeeHCTB 
KoniH— ByHHKOBCKoro . 

6.1. 06o6lIl,eHHH C paajIHHHblMH Cpe/I,HHMH. 

Mbi 6yfleM paccMaTpnBaTb o6o6meHii}i HHTerpajibHoro nepaBencTBa 
KoniH-ByHHKOBCKoro cjie^iomero Bima: 

( I f{x)g{x)dx\ < / ^i{f,g)dx- [ ^2if,g)dx^ (33) 

\J a J J a J a 
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^ / ifix)fdx- I {g{x)fdx, 

J a J a 

KOTOpbie flOJIJKHbl BbinOJIHHTbCa flJIH /I,OCTaTOHHO npOHSBOJIbHblX 4)yHK- 

n,HH f{x), g{x) npH BbiGope neKOTopbix HeoTpHi],aTejii>Hbix 4)yHKLi,HH $i, 

ByflCM CHHTRTb flajiee BbinojiHeHHbiMH cjie;];yiomHe npocTeiiniHe 
npe;i,nojioJKeHHH: Bce BCTpenaiomHecH (J)yHKLi,HH HenpepBiBHbi, HHTerpa- 
jibi cymecTByiOT b cmbicjib PHMana, npoMexyTOK HHTerpHpoBaHHs Kone- 
HCH, ncpeMCiiiiaH o^iia. Ot Ka>K^oro h3 3thx orpaHH^ieHHii mojkho OTKa- 
saTbCH H paccMOTpeTb cooTBeTCTByiomHe oGoGmeHHa (HHTerpnpyeMbie 
B onpe^ejieHHOM CMbicjie (|)yHKn;HH, HHTerpaji Jle6era, HeorpaHHHeHHoe 
MHOJKecTBO HHTerpHpoBaHHH, (JjyHKnini HecKOJibKHx nepeMeHHbix) , ho 
3TH Bonpocbi 3flecb ne paccMaTpHBaiOTCsi. 

TeopeMa 8. UycTb M - nponsBOJibHoe HecMenxeHHoe, offHopoffHoe, 
MOHOTOHHoe (Heo6a3aTejibHO CMMMerpH^Hoe!) adcTpaKXHoe cpe^Hee, M* 
- conpaTKeHHoe k Heuy. Tor^a cnpase^iiBO ododmesne HHTerpajibHoro 
HepaseHCTBa Konm - BynaKOBCKoro sn^a (33) npn Bbi6ope 

= (M(/,5))^$2(/,5) = iM*{f,9)f. (34) 

TaKHM o6pa30M, mbi nojiy^iaeM c4)opMyjiHpoBaHHbiH b TepMHHax 
cpe;piHx peayjibTaT, hto cnpaBe;i;jiiiB HHTerpajibHbiii anajior docmamoH- 
HoU nacTH TeopeMbi CDE KapjiHii,a-/]^3HKHHa-3jiHe3epa pfla ^HCKpeT- 
Horo cnynaH. 

CflejiacM BajKHoe pflu ^ajibHeiiinero aaMenaHne, hto jieBoe HepaBCH- 
CTBO H3 (33) npn HameM Bbi6ope (34) b CHjiy onpe^ejieHHs conpaxcen- 
Horo cpcfliicro (11) ohgbh^iiio. Tax KaK oho caMO cbo^ihtch k oGbii^iio- 
My HepaBencTBy KoniH-ByHHKOBCKoro. TaKHM o6pa30M, co^epjKaTejib- 
HbiM B TeopeMe 8 HBjiaeTCH npaBoe HepaBencTBO meyKfsy npoHSBe^eHHsi- 
MH HHTerpajiOB. 0;i,HaKO, h jieBoe oneBH^Hoe HepaBencTBO h3 (33) MOJKeT 
6biTb c ycnexoM Hcnojib30BaHO pfia caMoyTOHHenHa nepaBencTBa Komn— 
ByHHKOBCKoro, cm. flajiee. 

B nacTHOM cjiynae npn Bbi6ope CTeneHHoro cpeflnero M{f, g) = 
Ma{f,g) nojiynacM 

Cjte^CTBHE 8.1. JXna HeoTpHLi,aTejibHbix nenpepbiBHbix 4)yHKLi,HH 
f{x), g{x), oflHOBpeMeHHO ne oGpamaiomHxcH b hojib na [a, 6], cnpaBe^- 
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jiHBO cjie^iomee o6o6iii,eHHe HepaBencTBa KoniH— ByHHKOBCKoro: 

(b \ 6 b 

jj{x)g{x)dx\ ^ JjMM,9)?dx- JjM_M,9)?dx= (35) 

= fir + g'-f/'-dx- f fg\r+gn~^'''dx^ l" fdx- t gHx. 

J a J a J a J a 

BbiniimcM iiaiiGojiee scJx^cktiimc w3 no.jiyicHHbix HcpaBCHCTB c nacT- 
HbiMH cjiynaHMH CTenenHtix cpe^Hiix hbho. Ohh cooTBeTCTByroT Bbi6opy 
cpe^Hero nojiyKBa;i,paTHHHoro, apH(J)MeTHHecKoro h KBaflpaTHHHoro: 



^ f{x)g{x)dx^ <^ (v7(^+ V5R)'rfa; • 
• f fg^/i^/m + Vgi^X dxi^ f f\x)dx- f g\x)dx, 

J a J a J a 

(^1^ f{x)g{x) dx^ < I' {fix) + g{x)f dx ■ 
■ f fgV{f{x) + 9{x)fdx<, f f{x)dx- f g\x)dx, 

J a J a J a 

f{x)g{x) dx^ < £ (fix) + g^x)) dx ■ 

■ f fgV{f{x)+g\x)),dx^ f f{x)dx- f g\x)dx. 

IIpH a = 2 nojiynaeM HHTerpajiBHBiii BapHani nepaBencTBa Mnjina. A 

npn a = +oo nojiynaeTca Taxoe sanaTHoe HepaBencTBO. 

CjTEflCTBHE 8.2. CnpaBe^jiHBO cjie;i,yioiii,ee yTOHHeHne nepaBencTBa 
KoniH— ByHHKOBCKoro 



/ f{x)g{x)dx\ ^ I [m3^{f,g)fdx- f [min{f,g)]''dx^ (36) 

a J J a J a 

< / f{x)dx- f g\x)dx. 

J a J a 
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IIpH nCpBOM BSTJISlfSfi HR 3TO IICpaBCIICTBO KajKCTCS, HTO CpCflHHS 
HaCTb flOJIJKHa CBO^HTCH K O^HOH H3 KpaHHHX. OflHaKO, 3T0 He TaK. To, 

HTO Bce TpH HacTH B (36) MoryT 6i>iTb pasjiHHHbi, flOKasbiBaeT npHMep 

"KOHBCpTHKa" ! fl = 0, 6 = 1, f{x) = X, g{x) = 1 — X. BblHHCJie- 

HHH noKasBiBaiOT, HTO B 3T0M cjiyHac (36) CBOflHTca k HepaseHCTBaM 
M ^ TS ^ i ■ KcTaTH, ccbijiKH, r^e 3to npocToe HepaseHCTBO HanHcano 

paHbino, aBTop hc snacT. 

IIpoaHajiHSHpyeM naGop nojiyHenHbix nepaBencTB co cpep^mMn CTe- 
neHHbiMH (35) b aaBHCHMOc™ ot napaMeipa a. UpeTKfifi Bcero, b CHjiy 

CHMMCTpHH B (35) MOJKHO OrpaHHHHTbCH SHaHeHHHMH Q! ^ 0. IIpH a ~ 

cpe^HHH HacTb (35), KOTopaa noHHMaeTca b npe^ejibHOM CMbicjie, paBHa 
jieBOH. IIosTOMy, npn a w 6yfleM nojiyiaTb xopomne npH6jiH»ceHiiH 
K jieBoii nacTH. OiMeTHM HHTepecHyro ocoGeHHOCTb: npn a — ^ oo cpe^- 
HsiH nacTb B (35) CTpeMHTca k cpe/pieii nacTH b paccMOTpeHHOM Bbiine 
HepaBeHCTBe (35), a ne k npaBoii lacTH (35). TaKHM o6pa30M, b (35) 
B03HHKaeT "sasop" c npaBoit nacTbio, KOTopbiii, bo3mo»cho, MOJKeT 6biTb 
sanojiHen OLi,eHKaMH ^pyroro BH^a. 

IIpH Bbi6ope M{f,g) = Rp{f,g) nojiynaeM 

CjiEflCTBHE 8.3. CHpaBe;;jiHBO cjie^iomee yTOHHeHne HepaBencTBa 
KoHiH-ByHHKOBCKoro b TepMHnax cpe^Hnx Pa^o : 




2 



dx ^ (37) 




BbiHHincM iiaH6ojicc scIdc^ckthmc h3 nojiyHCHHbix HcpaBencTB (37) c 
nacTHbiMH cjiynaHMH cpeflfmyi Pa^o hbho. Ohh BKjiiOHaiOT Bbi6op cpe^- 
Hero jiorapH(|)MHHecKoro h MHoro3Ta»cHO— noKasaTejibHoro. 



30 



Sitnik S. M. 



f^f{x)dx-J^g'^{x)dx, 
^ dx-j:fgy(^^)^ dx ^ 
\lP{x)dx- Jlg'^{x)dx, 
^fg + <?2) dx ■ f4]i+a- dx ^ 
\'j\x)dx.!lg\x)dx. 

Anajnia nojiyneHKbix HepaBCHCTB co cpe^HHMH PaflO b sebhchmocth 
OT napaMeipa /3 anajiorHHeH npoBe^eHHOMy BBime ;i,jisi CTeneHHtix cpe/i,- 
HHx. OTMeTHM H s^ecB HajiHHHe "saaopa" c npaBoii nacTbio. 

IIpH BbiGope M{f,g) = iJ.{Mi, Molf, g) nojiynacM 

Cjie/];ctbhe 8.4. CnpaBe^jiHBO cjie;i,yioiii,ee yTOHHenHe HepaBCHCTBa 
KoniH - ByHHKOBCKoro: 



-I 2 




r^e K(x) ecTb nojiHbift s.ji.jiHnTH^ecKHlt HHTerpaji JIe>KaHflpa 1 po^a. 

Otmcthm coBepineHHO 3K30THHecKHH xapaKTep nocjie^nero HepaBen- 
CTBa: 3T0 HepaBencTBO MejK^y npouseoAbHUMU (J)yHKii;HHMH, ho koto- 
pbie CTOST nofl snaKOM KotiKpemnou cnev,uaAbuou 4)yHKn,HH - sjijimhth- 
necKoro HHTerpajia Jlescan^pa! BMecTe c tsm nepaBencTBa, b kotopmx 
npoHSBOJiBHbie (J)yHKii;HH ctoht no;; snaKaMH SAeMewmapHUX 4)yHKii;HH, 
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HanpHMcp, SKcnoiiciiTM H.jiH .;iorapii(J)Ma, miipoKO HcnojibsyroTca b Maie- 
MaTHKe. TaK, no^oGHbift bh^ hmciot nepaBencTBa ^JKOHa-HnpenGepra b 
TeopHH npocTpancTB BMO h HepaBencTBa 3HrMyH;i,a b rapMOHHHecKOM 
anajiHse. 

HtoGbI npOflCMOHCTpHpOBaTb BOSMOJKHOCTb npHMeHeHHH HeCHMMeT- 

pHHHbix cpe^HHx, npHBeflCM cooTBeTCTByiomHe pesyjiBTaTBi. 

CjTEflCTBHE 8.5.JIfiiH HeoTpHn;aTejiBHBix HenpepBiBHBix c]:>yiiKii;HH 
f{x), g{x) oflHOBpeMeHHO ne oGpamaiomHxcH b hojib na [a, 6], npn 
^ a ^ 1 cnpaBe^jiHBBi cjie^romne o6o6iii,eHHH nepaBencTBa Koinn- 
ByHHKOBCKoro: 




< / fdx / g'^dx. 

J a J a 

IIocjieflHee HepaBencTBO cctb HHTerpajiBHBiii anajior pesyjiBTaia 
K0J160. 

6.2. 06o6iii;eHHH c jiorapH4)MHHecKHMH npoH3Bo/;HL.iMH. 

^jiH flHcJxJjepeHipipyeMBix 4)yHKHHii nojiyneH flpyroli pa^ o6o6iii,e- 
HHii. Ohh nojiynaiOT oco6eHHO BajKHoe SHaneHHe npn cpaBHeHHH nainiix 
HHTerpajiBHBix HepaBCHCTB h xeopeMBi CDE pfisL ^HCKpeTHoro cjiynaa. 

TeopeMa 9. Jl^Jia no/^xo/^amnx (pyHKifHH cnpaBe/^jiHBO o6o6ni,eHae 
HHTerpajibHoro HepaseHCTBa Kouih - ByHSKOBCKoro BH^a (33 ) npu cjie- 
/^yromeM Bbi6ope: 

^^{f,g) = e^p[2 £ M{Lf{y),Lg{y))dy^ , ^^{f,g) = ^^, (38) 

r/te Lh{t) - jiorapH(pMHHecKaa npoHSBO^Haa Lh = M - npoHS- 

BOJibHoe HecMemeHHoe, oflHopoflHoe, mohotoiiiioc (Heo6s3aTejibHO chm- 
MexpRHHoe!) adcxpaKTHoe cpe^nee (jiorapncjjMHHecKHe npoH3BO^Hbie 
Lf, Lg, npeflflOJiaraiOTCs HeoTpimaTejibHbiMm) . 
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BajKIIO OTMCTHTb, HTO THK KEK cjDVHKIIHH H3 (38) He HBJISIOTCS KBRfl- 

paTaMH cpe^HHx, to o6o6iLi,eHHH h3 TeopeMbi 9 ne CBo;],aTCH k o6o6iii,e- 
HH5IM H3 TeopeMbi 8. Bojiee Toro, noflbiHTerpajitHbie Bbipa>KeHHH npn 
Bi>i6ope (38) B (33) iic hbjihiotch ^ajKC KBa^paTaMH o^Hopo^HBix bc- 
jiHHHH OTHOCHTejiBHO /, g. TaKHM oGpasoM, MBi nojiy^iaeM coBepmen- 
HO Heo>KiiflaHHBiit pesyjibTaT, hto HHTerpajiBHBm anajior Heo6xoduMoil 
nacTH HSBecTHOH no flHCKpcTHOMy cjiynaio TeopeMbi CDE KapjiHii;a - 
flsHKHHa - 3jiHe3epa HEBEPEH! HaMH nocTpoen Kjiacc oSoSmcHHii 
HHTerpajibHoro HepaBencTBa KoniH-ByHHKOBCKoro TaKoro BH;i,a, koto- 
pbiii sanpemeH stoh TeopeMOH b ^HCKpeTHOM cjiynae fljiH cyMM. 

AHajiH3 flOKa3aTCjibCTBa TeopeMbi CDE BbisBjiaeT to MecTO, b koto- 
poM paccyjK^eHHH ;i,jih cjiynaa cyMM Hejib3H noBTopHTb ^jih cjiynaa hh- 
TerpajiOB. B TeopeMe CDE ncnojibsyeTCH BOSMOscHOCTb cocTaBHTb cyM- 
My H3 AByx cjiaraeMbix, npn stom nojiy^aeTca rnGpn^Hoe ycjiOBne (29), 
KOTopoe Mbi yjKe o6cyjK;iajiH. Ho pjia HHTerpajiOB neT ycjiOBHs, anajio- 
rHHHOMy B3HTIIIO cyMMbi H3 flByx nepBbix cjiaraeMbix. 

BMecTe c TeM cnpaBe;i;jiHBO cjie^yiomee yTBepsc/i,eHHe, flaiomee tot 
MaKCHMVM HH4)opMaD;HH, KOTOpbiH yflaeTCs nojiyHHTb npH nonbiTKe xoth 
6bi HacTHHHO noBTopHTb ^0Ka3aTejibCTB0 HeoGxoflHMOH nacTH TeopeMbi 
CDE. 3to yflaeTCH, TaK KaK ;i,jisi HHTerpajiOB Heipy/pio no;i,o6paTb npo- 
n,eflypy, anajioraHHyio Bbi;i,ejieHiiio odnozo (jjHKCupoBaHHoro cjiaraeMoro 

H3 CVMMbl. 

TeopeMa 10. Ecjih cnpaBe^jiHBO neKOTopoe o6o6mfiHiie HepaseH- 
CTsa KoniH - EyHaKOBCKoro Biifl,a (33), to (pyHKi^iM ^i{f,g),^2{f,g) 
CBsiaaHM B HBM TBM TKB cooTHOBieHHeM, HTO H conpa^KeHHbie cpeffHHe B 
(11): 

^i{f,9)-^2{f,9) = f{x)-g\x). 

OflHaKO, KaK cjieflyeT h3 npHBefleHHoii Bbime TeopeMbi 9, fljiH hh- 
TerpajibHoro cjiynaa Heo6H3aTejibHO, htoGm $1 h $2 -aBjiajiHCb HMenno 
napoH conpHJKeHHbix cpednux, xax b ^picxpeTHOM cjiynae Tpe6yeT Teo- 
peMa CDE. HanpHMep, napa SKcnoHCimiiaTbiibix cjDyHKii,Hii h3 TeopeMbi 
9 BOo6iu,e He aBjiaeTca napoii KaKHx-jinGo cpe^HHx, TaK KaK mm yjKe ot- 

MeHajIH, HTO OHH He HBJISIIOTCa O/piOpO/piblMH OTHOCHTejIbHO (J)yHKI],HH 

f{x),g{x), TO ecTb 



^i(Xf,Xg) ^ A$i(/,ff),$2(A/,A5) ^ A$2(/,5) 
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B 3T0M npoHB.iiHeTCH HeoxcHflaHHoe omAUHue uwrnezpaAtHozo CAyuan 
om ducKpeniHoao. 

BbinnmeM HCKOTopbie KOHKpeTHbie on,eHKH. Hpn BH6ope CTeneHHtix 
cpeflHHx nojiynaeTca: 

CjlEflCTBHE 9.1. IlpH cflejiaHHbix npeflnojioJKeHHHx cnpaBefljiHBO 
cjie^iomee o6o6iLi,eHHe HepaBencTBa KoniH - ByHHKOBCKoro: 



IIpH Bbi6ope cpeflHHx Pa;;o nojiyiaeTCH ^pyroe 
CjTEflCTBHE 9.2. IIpH c/iejiaHHbix npeflnojiojKCHHax cnpaBefljiHBO 
cjie^iomee oGoGmeHHe nepaBencTBa Komn - BynHKOBCKoro; 



AnajiorHHHO npHBeflenHbiM Bbiine mojkho BbinHcaTb BTopyio ce- 

PHK) npHHy^JIHBblX HepaBeHCTB CO Cpe;i,HHMH apH(J)MeTHHeCKHM, 
reOMCTpHHeCKHM, KBaflpaTHHHbIM, JIOrapH(J)MHHeCKHM, MHOrOSTaaCHO- 

noKa iaTt'.nbiibiM. a TaKJKC apH4)MeTHKO-reoMeTpHHecKHM Faycca h 

HeCHMMeTpHHHblMH BeCOBblMH. 

IIpH cpaBHeHHH AByx THnoB nocTpoeHHbix HaMH B TeopeMajc 8 h 
9 o6o6iii;eHHH HepaBencTBa KornH-ByHsiKOBCKoro BOSHHKaeT ecTecTBen- 
HbiH Bonpoc o6 Hx BsaHMOsaBHCHMOCTH. npe/i,CTaBjiHeTca, hto HepaBen- 
cTBa TeopeMbi 9 He bbibo/i^tcsi h3 nepaBencTB TeopeMbi 8, TaK KaK b 
HHx no^ snaKaMH HHTerpajiOB ctoht 6ojiee o6ni,He BbipaacenHH, koto- 
pbie, KaK OTMCHajiocb Bbime, ne hbjihiotch o^Hopo^iHbiMH OTHOCHTejibHO 
(J)yHKn,HH /, g. Mojkho jih naoGopoT BbiBecTH HepaBencTBa TeopeMbi 8 h3 
HepaBeHCTB TeopeMbi 9? 

B oflHOM HacTHOM cjiy^ac TaKoii Bbmofi (JjopMajibHO bosmojkch. Ecjih 
B (J)opMyjie (38) b KanecTBC cpe^nero Bbi6paTb Me^nanTy jiorapH(J)MH- 

HCCKHX HpOHSBO/piblX, paCCMaTpHBaeMblX KaK ^06h, to HOJiyHHTCH B 





34 



Sitnik S. M. 



TOHHOCTH HcpaBCHCTBO flpvroro THna (35) npH a = 1. B cjiynae BbiGopa 
o6o6iLi,eHHOH Me;i,HaHTbi nojiynHTca b tohhocth HepaBCHCTBO (35) . Heac- 

HO, MOJKHO JIH 3TH paCCy>KfleHHH npCBpaTHTb B CTpOrHH BBIBO;; OflHOii 

4)opMyjibi H3 flpyroii. Tax KaK MC^inaiiTa 3to iic cobccm oGbihhoo hhc- 
jiOBoe cpeflfiee. HnTepecHO OTMeTHTt npHMeneHHe npn paccMOTpeHHH 
o6o6iii,eHHH HepaBeHCTBa KoniH— ByHHKOBCKoro noHHTna Me^HaHTBi h3 
floCTaTOHHO flajieKoii ot hex o6jiacTH apH(|)MeTHKH, a HMeHHO, TeopnH 
paflOB Oapea. 3to ne cjiynaiiHO, Tax xax caMO HepaseHCTBO KoniH- 
BynaKOBCKoro Haxo;i,HT MHoroHHCJienHbie npHMenenHa b TeopHH ^Hceji. 

6.3. OcHOBHBie TeopeMM o6 o6o6iii;eHHH HHTerpajiBHoro 
HepaBeHCTBa Komn— BynaKOBCKoro. 

B saKjiiOHeHHH SToro pa3/;ejia npHBeflSM HaH6ojiee o6iii,He ^opmyjivL- 
poBKH HaniHx pesyjibTaTOB. 3to CTanoBHTca BOSMoacHbiM c HcnojibsoBa- 
HHSM nojiyieHHoro Bbime b paa^ejie 4 nojiHoro onncaHHa cpeflHHx ot 

flByx apryMeHTOB. 

TeopeMa 11. UycTb h(t) asjiseTca npoH3BOJibHOH onpe^ejieHHOit Ha 
Bcem OCH HenpepbiBHOM hbthoA (pyHKu^en, yjipBjieTBopaiomeH cjie/iyK)- 
mfiM ycjiOBHSM npn t 0: 



Tor^a cnpaBC/iJiHBO o6o6mcHiie HepaseHCTBa Konin - ByHaKOBCKoro 
npoH3BOJibHbix 4)yHKu,Hit f (x) , g{x): 



TeopeMa 12. nycTbh{f,) HBjiaerca npoHSBOjibHoit onperfCjieHHoii Ha 
Bceit OCH HeHpepbiBHOit hbthoh cjpynKUfieH, y^OBjieTBopsnom^eH cjieflyio- 
m,HM ycjiOBHSM npm t^Q: 






f{x)g\x)/ {x + y)h{\n^) dx ^ f dx dx. 




e*i(e*2 + 1) 
e*2(e*i + 1) 



MO) = ^, 



je'- + 1) 
(e*i + 1) 



, ti < t2- 



h{t2) 
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Tor^a cnpaBc;],.n:HBO o6o6meHiie HepaseHCTBa Komn - ByHaKOscKoro fljis 
npoH3BOJibHbix (^yHKUfiH f{x), g{x): 

(^jj{x)g{x)d^ ^ j\^p(^2j\Lf{y)+Lgiy))hilnW.)dy^ dx- 
■ I' f\x)g\x) exp (^-2 £ {Lf{y) + Lg{y)) h{\n ^) dy^ dx < 



< / fdxfg' dx 

J a J a 



h 

2 



Pfie nocjiepfme TeopeMti hocht fijisi flanHoii TeMRTHKH b onpe^ejieH- 
HOM CMbicjie OKOHHaTejibHbiii xapaKTep. Bee paeeMOTpennbie Btiine o6o6- 
meHHH HHTerpajibHoro HepaBencTBa Komn— ByHHKOBCKoro nojiynaiOTCH 
H3 3THX TCopcM KaK HaeTHbie ejiy^iaH npH Bbi6ope KOHKpeTHbix cJjyHK- 
ii,HH h. TaKHM o6pa30M, TeopeMM 11 h 12 HBjiaiOTca nanGojiee o6iii,hmh 
pesyjibTETaMH ^jih KOHCTpyHpoBaHHa cpe/pinx HacTeii o6o6in,eHHH pac- 
CMaTpHBaeMoro naMH eima. 

Bo Bcex npHBe/i,eHHbix Bbime HepaBencTBax nojiyneHbi ycjiOBHH, npn 
KOTopbix B HHx ;i,ocTiiraK)TCH paBeHCTBa. B HeKOToptix cjiynaax stot 
Bonpoc pemaeTCH ne laK npocTO, KaK MOJKeT noKaaaTbca. 

6.4. CpaBHeHHe o6o6ii];eHHH HHTerpajiBHoro HepaseHCTBa 
KoniH— ByHsiKOBCKoro. 

IlepeiifleM k cpaBHBHHio pasjiHHHbix o6o6in;eHHH HHTerpajibHoro 
HepaBencTBa KoniH - ByHHKOBCKoro Meac^iy co6oh. 

OnPE/];EJlEHHE. BsefleM OTHOinenHe HacTHHHofi ynopaflOHeHHOCTH 
Ha MHOJKeeTBe o6o6iii,eHHH BH^a (33): 6y;i,eM sannebiBaTb M -< N, eejin 
cnpaBe;i,jiHBbi HepaBencTBa 

( f fgd^ J? mf,g)f dx ■ f [M*{f,g)f dx < 
f[N{f,g)fdx- f [N*{f,g)fdx<, f fdx f g^dx, 

J a J a J a J a 



r^e M,N — aGeipaKTHbie cpe^Hne, a M*,N* — eonpajKennbie (11) k 

HHM. 



36 



Sitnik S. M. 



Cjie^yeT OTMeTHTb, ^no BMno,iiiiciiHC BBC^;ciiHoro OTHOmcHHH ynopa- 
^oneHHOCTH M -< N B Hamnx TepMHnax osHanaeT, hto o6o5iii,eHHe, no- 
CTpoeHHoe no cpe;i,HeMy M, jiynine npH6jiir»caeT jieByio, a o6o6iri;eHHe, no- 
CTpoeHHoe no flpyroMy cpcfliicMy N, — npaByio nacTn HHTerpajibHoro 
nepaBencTBa Konin-BynHKOBCKoro. 

5IcH0, HTO oflHHM H3 nepBbix B03HHKaeT Bonpoc: ynopaflOHenBi jih 
MeTKfiy C060H Hamn o6o6iLi;eHHH ^jih cpe^Hnx o^noro h Toro tkb Tnna, 

CKaJKCM flJIH Ma HJIH Rfjl OTBeTbl flaCT 

TeopeMa 13. IlycTb < a < /3 < +00. Torfla sbinojiHeHbi cootho- 
meHMa 

Ma -< M0,Ra -< Rp- 

3Ta TeopeMa nojinocTBio pemaei nocTaBjiennBiii Bonpoc ^jih cpeflnnx 
Paflo HJIH CTcnennbix. PacnnmeM co;;epacan],HecH b neit on,eHKH npn a < 
j3 6ojiee no;],po6Ho: 



( f fgd^ ^ f [MM, 9)? dx ■ f [M_a{f, 9)? dx < 
f [M0{f,g)f dx ■ f [M_p{f,g)f dx < f fdx f g'^dx, (39) 

J a J a J a J a 

i f fgd^ < /' [i?„(/, g)f dx ■ f [Rlif, g)f dx < 

\J a J J a J a 

(\Rp{f,g)fdx- [' [R;{f,g)]^dx^ f fdx f g^dx. 

a J a J a J a 



B nacTHOCTH, h3 (39) cjie/iyeT, hto naMH nojiyneHO 6ecKOHenHoe hhc- 
jio HepaBencTB, KOToptie o6o6ni,aiOT HepaBencTBO Mnjina c (M2,M_2) 
KaK c TonKH speHHH jiynmero npnGjiHJKeHHa k CKajiapnoMy npoHSBe^e- 
HHK) (npn < a < 2), TaK n k npaeon nacTH (npn 2 < a < +00). 

PesyjiBTaTbi no cpaBnennio o6o6ni,enHH co cpe^nHMH ns pasjinnnbix 
niKaji BH;i,a M^ -< R/s, hjih tbm 6ojiee Bima Ma -< /x, ii^ -< /x, (a laicace 
o6paTHijie K hhm) nojiy^eHbi aBTopoM tojibko ^jih ncKOTopbix lacTHbix 
cjiynaeB, o6n],HH cnoco6 ;],0Ka3aTejibCTBa TaKHx nepaBencTB Mne neH3Be- 
CTen. 
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ITepeiifleM k 6ojiee co/^epsKaTcntiioMv Bonpocy o cpaBnenHH 0606- 

meHHH H3 TeOpeMbI 9 C 3KCnOHeHLI,HajII>HI>IMH BBipaJKeHHHMH. P^Si HHX 

TamKe 6yfleM ynoTpeGjisTB chmboji OTHomeHUH HacTHiHoft ynopsmoHCH- 
HOCTH M ^ N B npeacHeM CMBicjie. 

TeopeMa 14. CnpaBeflflUBbi cjieffymmfie OTHomeHMa: 

Mx<Ma< Mp, 1 < a < ^ < +00, 

Ml ^ Mp -< Ma, -00 < a < /3 < 1. 

AnajiorHHHO peinen Bonpoc h fijisi cpe^Hnx Pa^o. 

Us TeopeMbi 14 cjie^ei, hto ocTaeTca nsynwib cpaBnenHH o6o6iii,e- 
HHH CO CTeneHHbiMH cpe^piHMH, o^HH H3 HopHflKOB KOTopbix 6ojibme, a 
flpyroii MeHbine epfimiisfA. JJ^Jia SToro cjiynan BHanajie 6bijiH nojiyneHbi 
HCKOTopbie OT;i,ejibHbie cooTHomeHHH: 

M2 -< Mo, M3 -< M_i, Ms -< Ml, 

a TaKsce ps^ ^pyrnx. B nacTHOCTH, ycHjiCHHsi co cpe^piHMH Mi h M2 
0Ka3a;iiicb iic cpaBiiHMbi. Taxaa bosmojkhoctb HBjiaeTCH floCTaTOHHO 
HeojKH^aHHOH H, no mhchhio aBTopa, eme c o;i,hoh CTopoHbi no^^ep- 
KHBacT co;i;ep>KaTejibHOCTb paccMaxpHBaeMoro s^ecb Kpyra sa^aH. 

SaTCM ^jia oGmero cjiynaa aBTopoM cobmsctho c A. Kopchobckhm 
6bijia flOKasana 

Teopejvia 15. IlycTb a < l,/3 > l,a + /3 > 2. Tor^a ycnjieHaa co 
cpeflHHMH Ma H Mp He cpasHMMbi. UycTb a < > \,a+j5 < 2. Tor^a 

M/s -< Ma. 

B pesyjibTaTC Bce ;i,0Ka3aHHbie OTHOineHHa: hjih hx onpoBepxceHHii 
MO>KHO co6paTb Ha cneH;HajibH0H ^narpaMivie flOCTaioHHO BHyniHTejib- 
Hbix pa3MepoB. B nacTHOCTH, Bbi^ejiHM laKne n,eHOHKH: 

Rl= Ml ^ M 31n2 ^ R3 < Mr ^ Af21„2 -< R2 ^ M± . . . , 

B 2 6 In 3 3 

2 In 5 

= Ml ^ Ri ^ Ms -< Min, ^ i?o ^ M2 -< Ml = 

2 6 3 2 

= i?i -< ^ /Lt(Mi,Mo) -< R-2 = Mo ^ i?_5... 

OTHonieHHH c HTepau,HOHHbiM cpe^HHM jj, HOJiyHCHbi c HcnojibsoBa- 
HHCM HepaBCHCTBa H3 HyHKTa 4.3. 
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OaKTHHCCKH IiaflO npHSHETb, HTO HOKa HC y;;ajIOCb HaftTH ^OCTETOH- 

Ho oGmHii MCTO^ flOKasaTejibCTBa no^oGnbix TeopeM, h Ka:>Kflf>e HepaBen- 
CTBO flOKasbiBaeTCJi cbohm cnoco6oM. B n^eajie 6bijio 6bi naftTH TaKoii 
MeTO;i„ HToSbi H3 KajKfloro iicpaBCHCTBa MC3K;];y /;ByMH cpcflHHMH cpasy 
BbiBOflHjiHCb OTHomeHHH iiopsiflfia MejK^iy cooTBCTCTByiomHMH o6o6iLi,e- 
HHsiMH HepaBeHCTBa KoniH— ByHHKOBCKoro, hjih ^ejiajica bbibo;; o6 hx 

HeCpaBHHMOCTH . 

7. IIpHjioxceHHH o6o6iii,eHHH flHCKpeTHBix HepaseHCTB 
KoniH— ByHHKOBCKoro. 

7.1 HepaBeHCTBa Kohih— ByHHKOBCKoro flJiH gr HHTerpajia 
^»ceKcoHa. Cjie^iomHH npHMep othochtch k o6jiacTH KOMMyTaTHB- 

Horo (j-AHa.nH3a. 3to TaKoii pas^eji AnajiHsa, b KOTopoM ecTb cboh 
noHHTHa g-npoHSBO^HOH, g-HHTerpajia h cooTBeTCTByiomHe o6o6iii,eHHH 
cnen,HajibHbix (J)yHKn;HH, KOTopBie npn g — > 1 nepexo^HT b o6biHHbie 
onpe/],ejieHHH [7]. TaK, nanpHMep, g'— HHTerpaji ^JKeKCOHa BBOflHTca no 
(i)opMyjie 



/ /Wd<,i = (l-g)X;/(«V- 



fe=0 

3tot HHTerpaji na caMOM ;;ejie ne HHTerpaji, a psifl. JXjih nero nojiyia- 
eTCH 

TeopeMa 16. IlycTb M - npoassojibHoe a6cTpaKTHoe cpefljiee, M* 
- conpsTKeHHoe k Hemy. Tor^a cnpaseflfliiBO o6o6ii],eHHe HepaseHCTBa 
KoniH—ByHSKOBCKoro b repuHHax q - nHTerpajia /^xeKCOHa: 

f{t)9{t)d,?j ^ ^ {M{f{t),git))rd,t 



"1 \ / 1-1 \ ^ / 1-1 

,2/- 



2 



^ {M*{f{t),git))rd,tj ^ ^ f{t)d,tj ^ g'{t)d,t 

7.2. HepaBeHCTBa Kohih— BynaKOBCKoro b npocTpEiHCTBELX 
JIopeHLi,a. 

CpaBHHTejiBHO MajiOHSBecTHbiM HBjiaeTCH TOT (J)aKT, HTO b npo- 
CTpancTBax Jlopeni^a [3] TaKJKe BbinojiHHCTCs HcpaBCHCTBO KoniH- 
ByHHKOBCKoro, ho b o6paTHyio CTopony. SaMeHaxejibHoe ;],0Ka3aTejib- 
CTBO BoxHepa ocHOBano na nHTerpajibHOM npeflCTaBjieHHH nojiynopMbi 
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no CBCTOBOMy KOiiycy. ^lanHoe HepaBciiCTBO snsjiacTCn H:acTiiMM cnvHacM 
H3BecTHbix HepaBCHCTB ALi,ejiH. HMeHHO Ha flaHHOM HepaBCHCTBe ocho- 
BEHO MaTeMETHHecKoe o6ocHOBaHHe tek nasBiBaeMoro "napa/i;oKca 6jih3- 

HeiI,OB" B Cnei];HajIbIiOH TCOpHII OTHOCHTejIBHOCTH [3]. 

^jiH STOro cjiynaa nojiyncHa 

TeopeMa 17. IlycTb A{x,y) ecTb cpejifiaa nacTb npoRSBOJibHoro 
o6o6meHii5i ffucKpeTHoro HepaseHCTBa Koinn—ByHaKOBCKoro BH^a 





H BbinojiHeHbi ycjiOBHa 

n n 

k=l k=l 

Tor^a cnpaBeflflHBO cjieflyiomco yTOHHCHHe jifiCKpeTHoro HepaBeHCTsa 
KoniH—ByHaKOBCKoro b npocTpancTBax JIopeHii^a: 

^oVo - Xkykj > (xoyo - ^/A{x,y)^ > 



\ fe=i 

AnajiornHHO o6biHHOMy cjiynaio h3 nocjieflnero nepaBencTBa bbibo- 
/piTCH o6o6iii,eHHe nepaBencTBa MnnKOBCKoro ^jia npocTpancTB Jlopen- 
i],a. Ero >Ke mojkho npHMenHTB ^jih ;i;ajibHeHinero yTOHHenHH oi^chok b 
H3BC!CTiiMx rcoMCTpHHCCKHx 3afla^iax [70,98]. Bonpoc o cnpaBc^;.mBOCTH 
no^oGnbix nepaBencTB b npocTpancTBax IIoHTpHrHHa c npoH3BOJibHOH 
CHrnaTypoH (nanpHMep, + H ), nacKOJibKO H3BecTH0 aBTopy, ne H3y- 

7.4. npHHii,Hn HeonpeflejieHHOCTH flJiH ^IIO. 

PaccMOTpHM ;i,HCKpeTHoe npeo6pa30BaHHe Oypbe (/],n<I>), KOTopoe 
onpeflejiaeTCH na n-MepHbix BeKTopax no (jjopMyjiaM 

^ n—l ^ n—l 
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r^e w = exp(^) ncpBOo6pa3HijiH Kopenb h3 eflHHHiibi. 



Ceftnac ne 6y^eM arHTHpoBaTb, hto 3to o;i,ho h3 caMbix eajKHbix 
noHSTHH B MaTSMaTHKe, a npHBe^eM TaKyio (jsopiviy npHHn;Hna neonpe- 
;i,ejieHHOCTH, KOTopaa flOKasana b [74]. /^OKasaTCjibCTBO TaM ne ohchb 
fljiHHHoe, HO H 6bi MHrKO TOBops He HasBaji ero hohhthmm. CjiyHali pa- 
BencTBa yKaaan o/piH hs bosmojkhbix, ho ne Bce. ^a^M CBoe nojiHoe 
flOKaaaTCJiBCTBO. 

TeopeMa 18. IlycTb A, B-hhcjio HesyjieBbix komhohcht b cootbct- 
CTByiomiix BeKTopax, n-ax pasMepiiocTb. Tor^a cnpaBefljiKBO cooTHonie- 
HHe Heonpe;i,ejieHHOCTH AB ^ n, npiiHcu paseHCTBO ffoCTHraerca Tor/?a 
H TOJihKO Tor^a, Kor/i,a b Offaou us bsktopob Bce neHyjieBbie KOMnoneHTbi 
paBHbi. 

<1 IIojiyHaeM, nocjie^OBaTejibHO npHMenaH nepaBencTBa TpeyrojiBHH- 
Ka H KomH-ByHsiKOBCKoro 



JXaiiee bosbo^hm b KBa,zipaT, CKjia^biBaeM HenyjieBBie KOMnoneHTBi, 
npHMenaeM paBencTBO IlapceBajiH— CieKjioBa — Bce!!! Cjiynaii paBencTBa 
cjiepyeT hs ycjiOBHit paBencTBa pfliL o6biiHoro nepaBencTBa KoniH— 
ByHHKOBCKoro. l> 

Cmmcji 3Toro yTBepjK^eHHH b cjie;i,yioiii,eM: nocjie^OBaTejiBHOCTb h ee 
ffTl^ He MoryT HMeTb oflHOBpeMeHHO cjinniKOM mhofo nyjieii. 

Tcncpb MOJKHO BbinHCbiBaTb pasjiH^iHbie o6o6iii,eHiiH npHBe^eHHoro 
HepaBCHCTBa no paspaGoTaHHoit MeTo;],HKe. 

B saKjiioHeHHe SToro paa^ejia OTMeTHM, hto ^HCKpeTHOM cjiynae ^jih 
a6cTpaKTHbix cpe/pmx, y;i;oBjieTBopHK)rn;iix Ha6opy cbohctb 1) - 4) h3 
onpe;];ejieHHH, mo»cho ;i,0Ka3aTb anajior nanGojiee o6iii,eH leopeMbi 11 c 
npoHSBOJibHOH 4)yHKLi,HeH h. A BOT anajior leopeMbi 9 noKa ne Hafi- 
flfitL. Ho MoeMy MHeHHK), 3T0 OHCHb Tpy^pias sa^ana, Tpe6yioiii,asi na- 

XOJK^CIIHH IIGBOii HflBH. Ho OHa HMCCT npHHn,HnHajIbHOe SHa^CHHe flJIH 

paccMaTpHBaeMoii a^ecb mcto^hkh, TaK KaK hosbojiht ne tojibko koh- 
CTaTHpoBaTb pasjiHHHe ^HCKpeTHoro h HHTerpajibHoro cjiynaeB, ho h 
nocTpoHTb 6ojiee GoraTbiii Ha6op o6o6mciiHH ^iHCKpcTiioro iiepaBencTBa 
KoniH-ByHHKOBCKoro, bbih^h 3a paMKH orpanHHenHii xeopeMbi CDE. 
PasyMeeTCH, jiio6oe yTOHneHHe HepaBencTB Kohih - BynsiKOBCKoro b 
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;i,HCKpeTHOM H.iiH HiiTcrpa.jibiiOM cjiynasix Be;^eT k yTOiHeHHK) cooTBeT- 
CTByroinHx HepaBCHCTB MnnKOBCKoro. 

8. IIpHjioxceHHa o6o6iii,eHHH HHTerpajibHbix HepaseHCTB 

KOLUH— ByHHKOBCKOrO . 

B 3TOM nyHKTe mbi orpaHHHHMCH npHjiojKeHHHMH o6o6meHHH HH- 
TerpajibHbix HepaBeHCTB KoniH-BynaKOBCKoro k BbiBO^y oi],eHOK ^jih 
cneii,HajibHbix (J)yHKn;Hit. CjiyHaii raMMa— (i)yHKii;Hit 3Hjiepa, HenojiHBDc 
raMMa-4)yHKLi;HH, iiCKOTopbix dpyBKuwa .JIommcjis h MnTTar-JTecJjjiepa 
paccMOTpen b [37-39]. Sflecb paccMOTpHM BbiBo;; nepaBencTB PfUsi hoji- 
Hbix sjijiHHTHHecKHx HHTerpajiOB Jle5KaH;i;pa nepBoro po^a, HepaBencTBa 
fljia KOTopbix aBTop Hanaji HsynaTB b [44]. Otmbthm, hto b yKasaHHoit 
pa6oTe o/pioii h3 nepBtix 6bijia ycTanoBjiena cbhsb Meynfly rnnepreo- 
MCTpHHecKHMH 4)yHKLi,HaMH H HOJiHjiorapHcJjMaMH; ceiiiac sia TeMaTHKa 
aKTHBHO paspaGaTWBaeTCH. 

B [37 39] npHBOflHTCH o6iLi,He TeopeMbi, nosBOjiaioniHe KajK^oe h3 
HOJiyHeHHbix panee o6o6iLi,eHHH nepaBencTBa KoniH-ByHHKOBCKoro pas- 
BHTb B HeKOTopyio HTepanHOHHyK) npon;e;iypy, renepHpyiomyio 6ecK0- 
HCHHOC HHCjio HOBbix nocjieflOBaTCjibHbix o6o6lli;ciihh Toro JKC IICpaBCH- 
CTBa, Ka}K/i,oe cjie;i,yioiii,ee h3 KOToptix b onpe^ejienHOM CMbicjie Tonnee 
npeflbi;;yiii,ero. 

IIpH 3T0M OCIIOBIiyiO pOJIb Ha^HHaiOT HrpaTb HMCIIIIO JICBbie OHCBH/],- 

Hbie (ho He TpHBHajibHbie!) nacra namnx o6o6iLi,eHHH (33). OcHOBnaa 
H^ea npocTa: pas HepaBCHCTBO Konm— BynaKOBCKoro nosBOJiaei yion- 
HaTb caMO ce6a, to 3tot npneivi mojkho npocTO noBTopaTb CKOJibKO yrofl- 
HO pa3. KaK HOKaaano HHJKe, na stom nyTH yflaeTca, nanpHMep, nojiy- 
HaTb 3(J)(J)eKTHBHbie oi],eHKH cnei],HajibHbix 4)yHKLi,Hii, aa^aHHbix cbohmh 
HHTerpajibHbiMH npeflCTaBjieHnaMH. 

B KaiccTBC npHjiojKCHHa oflHoii h3 npocTenrnHx noflo6Hbix HTepan,H- 
OHHbix npoi],e^p yTOHHeHHa nepaBencTBa KomH-BynaKOBCKoro, nojiy- 
HeHHbix B [37-39], paccMOipHM HepaBencTBa ;i,jia nojiHbix sjijinnTHHe- 
CKHx HHTerpajiOB JlejKaHflpa nepBoro po/ia [2,63]. 3Ta rnncprcoMeTpH- 
necKaa (J)yHKi],Ha HMeeT HHTerpajibHoe npoflCTaBjreHHe npn ^ a; < 1 




(40) 



H oco6eHHOCTb c jiorapH(|)MHHecKOH acHMHTOTHKoit npH x 1. 
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HcpaBeHCTBa ^jia sjijiHnTH^iecKHx HiiTcrpa.)iOB pasjiHHHbix thhob — 
3T0 Li,ejibiit pa3;i,eji TeopHH cneii,HajibHBix 4)yHKii,HH, HacHHTbiBaiomHii 
HecKOJibKO coTeH pa6oT. /JocTaTOHHO noflpo6HbiH nepeienb npHBe^eH 
B [37 39] , 'jfsfiCb jKe mh npon,HTHpyeM tojibko pa6oTBi, nanHcanHBie npn 
ynacTHH asTopa [44,80-86]. 

J\jisi HcnojibsOBaHHH yKasaHHoft BBime HTepaii,HOHHOH npoiie^ypBi 
KjiiOHeByio pojiB HrpaeT npaBHjibHoe "pacHjieneHHe" HHTerpajia b CKa- 
jispHoe npoHSBe^eHHe. OcymecTBHM cjie^romnii Bbi6op: 

K\x) = (^J^ f{t)9{t)dt 



1 

^ ~ (1 + xty/^{xt^ -{x + i)t + i)V4 • 

Oh o6ycjiOBjieH Heo6xoflHMOCTbio: BO-nepBBix, npe^ycMOTpeTb cxo;i,h- 

MOCTb HHTcrpajiOB Ha Bcex marax HTepan;HOHHOH npon,e^ypbi; bo- 

BTOpblX, BblHOJIHHTb paBeHCTBO f = Q HpH X = 1, KOTOpOC HOSBOJIHeT 

Ha;i;eHTbCH na noBbimeHHyio TOHHOCTb oi^chok npn a; — > 1; B-TpeibHx, 

HBHO BblHHCJIHTb HOJiyHaeMbie HHTerpajibi. 

Mbi npHBe^eM chhcok BbiHHCJieHHbix oii,eHOK pjiR ynoMHHyTOH wie- 
paiiHOHiiOH npon,eflypbi npn Hcno.nb30BaiiHH b KanccTBC yTOHHHiomcro 
HepaseHCTBO Mnjina. Ilpn 3tom neTpHBHajiBHbie oii,eHKH nojiy^iaroTCH 
yjKe H3 caMoro HepaBencTBa KomH - ByHHKOBCKoro na HanajibHOM mare 
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Goix) = 



1 



Lo{x) 



1 



In 



1-x 



In 



2^2(a; + 1) +a; + 3 



1-x 



Gi(x) = 



^2x{x + 1) 



+ 



In 



2v'2a;(x + 1) + 3a; + 1 



1-a; 



+ 



V2(a; + 1) 



In 



2^2(a; + 1) + a; + 3 



1-x 



Li{x) 



^/{x + 3){3x+l) 
G2{x) = 



In 



\/(x + 3)(3a; + l) + 2a; + 2 j 



1-x 



\2V5 J 



y(x + 4 + V5)(( 



I±^)x+'-±^ 



X In 



2 + 4 + x/5) ((^) X + + (^) a; + ii^^ 



(^) (1-^) 



+ 



+ 



\2V5 J 



{x + 4-V5)[[^)x+^) 



X In 



^2^{x + 4-V5) ((^) X + ^) + (2^) X + ii^^ 
(^) (1 - 
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+ 



L2{X) = 



sj2x{x + 1) 



1 



1 



In 




2^2a;(a; + 1) + 3a; + 1 



+ 



+ 



+ 



V(a; + 3)(3a; + l) 



1 



In 



( 



^(x + 3)(3a;+ 1) + 2a; + 2 
\-x 



) 



TeopeMa 18. CnpaBe/fjiHBbi cjieflymmiie ^BycTopoHHHe HepaBeu- 
CTBa flfls nojiHoro ajijiMnTMHecKoro HHTerpajia Jlexan/fpa: 



PacneTbi noKasbiBaiOT BbicoKyio tohhoctb nojiynenHbix ^BycTopon- 
HHx HepaBencTB. Ohh TaK>Ke p^aKn Bce 6ojibnie hcthhhmx cjiaraeMtix h3 

aCHMHTOTHKH npH X — > 1. BblHHCJICHHH MOJKHO npOflOJIJKaTb H flajibuie. 

Bbijio 6bi HHTcpccHO pa3o6paTbCH b aaKOHOMepnocTax oGpasoBanna Bce 
6ojiee TOHHBix, ho rpoMos^KHx on,eHOK. 

npHBe;;eHHbie pesyjibiaTbi pflu sjijinnTH^ecKHx HHTerpajiOB Jle- 
»caH;],pa MoryT 6biTb npHMenenbi k pasjinnnbiM OLi;eHKaM c sthmh (JjynK- 
n,HHMH. B peayjibTaTe nojiynnM ou,eHKH yjKe nepes ajieMCHTapHbie (J)yHK- 
npH, HO npH 3T0M 6e3 noTepn acHMHTOTHKH. TaKHM o6pa30M Moryi 6biTb 
MOflH4)Hn,HpoBaHbi MHorHC HcpaBCHCTBa c K{x): TCopeMM njioni,a;],eii, 
4)opMyjibi ocTaTOHHoro Hjiena HHTepnojiHn,HOHHOH (J)opMyjibi 3pMHTa, 
pesyjibTaTbi p/lr o;i,HOJiHCTHbix (J)yHKn;HH h npoGjieMbi K03(J)4)Hn;HeHT0B, 

OH,CHKH CHHryjiapHblX HHTCrpajIOB Ha C;i,HHHHHOH OKpyjKHOCTH H MHOro- 

HjienoB Oa6epa, ocTaiKOB pa^OB Talijiopa h hx KoncTanT JIe6era b kom- 
HjieKCHOH o6jiacTH, HCKOTopbie oii;eHKH b tcophh pan,HOHajibHOH annpoK- 
CHMan,HH, 4)opMyjia CTe^KHHa ^jih C>ypbe - yKjioneHHH Kjiacca (|)yHK- 
HHH Co6ojieBa ot Kjiacca TpHroHOMeTpHHecKHx hojihhomob. BajKHoii 
o6jiacTbio HCCJie^OBaHHH HBjiaeTca HcnojibsOBaHne ou,eHOK /i,jia ajijiim- 
THHecKHx HHTerpajiOB h 6ojiee o6ni,Hx rnnepreoMeTpHHecKHx cJjyHKHHH 
HecKO,iibKHx ncpcMCHHbix, TaKHx KaK 4)yHKn,HH Annejia h JTaypHHejijibi, 
B TeopHH HOTeHn,Hajia h ocoGenno b aa^anax, CBasannbix c eMKOCTaMH. 
noflpo6Hbie ccbijiKH CM. B [37—39]. 

ITpH HCKOTopbix cjjopMyjiHpoBKax HjiocKoii TeopHH ynpyrocTH 6bi- 
jio saMeneno, hto orpanHHenHa na ocnoBHbie Tensopbi npHHHMaroT b 
TOHHOCTH bh;; HepaBencTB Kohih - BynaKOBCKoro [39]. TaKHM o6pa30M, 



Lo{x) s; s; L2(,x) K{x) s; G2{x) ^ Gi(x) s; Go(x). 
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c iicno.jib30BaiiiiCM iianiHx o6o6in,eHHH sth orpaHHHeHHa MoryT Gmtb 
HecKOJibKO ocjiaGjiCHbi. 

^jiH HHTcrpajibHoro onepaiopa J^^ K{x,y)f{y) dy HepaseHCTBO 
KoniH— ByHHKOBCKoro ;i,aeT ecTecTBeHHtiii cnoco6 oii;eHKH HopM b npo- 
CTpaHCTBe L2- IIojiyHeHHbie peayjiBTaTBi nosBOJiaiOT BBinncaTB mhofo- 
HHCJieHHbie o6o6iii,eHHH sthx oi^enoK. HnTepecHbiM npeflCTaBjiaeTca npn- 
MeHHTB ;;aHHBm cnoco6 k KOHKpeTHBiM HHTerpajiBHBiM onepaTopaM, a 
HMeHHO, onepaTopaM npco6pa30BaHHa (OH). noflpo6Haa Teopna Oil 
HSJiojKeHa B npe^MAymeM o63ope aBTopa pjin SToro cGopHHKa 2007 
r. [45], CM. Taicace [10-13,22,46-50]. .Hpyraa BOSMoacHOCTB aaKjnonaeT- 
CH B npHMCHCHHH nojiyHeHHBix pesyjiBTaTOB K HHTcrpajiBHBiM onepa- 
TopaM, paccMaipHBaeMBiM b 6ojiee o6ii],hx CHTyaii,HHx, nanpHMep, KaK 
B [14,20,31,59,64]. 

MHome pesyjiBTaTBi b TeopHH BeposiTHOCTeit h MaTeMaTHnecKoii CTa- 
THCTHKe HMeiOT 4)opMy HepaBencTB, KOTopBie no cymecTsy sbjisuotcsi 
HMeHHO HepaBCHCTBaMH KoniH-BynaKOBCKoro b CHen,HajibHbix xepMH- 
Hax. HanpHMep, TaKyro (J)opMy HMeroT HepaBencTBa pfls K03(|)(J)Hn;HeH- 
tob Koppc.jiHn,HH HjiH pcrpcccHH. 3th pesyjiBTaTbi MoryT 6biTb TaKJKC 
yTOHHCHbi HO cxeMe HacTOHmeft paGoTbi ^jih ^hckpcthmx hjih nenpe- 

pblBHblX CJiyHailHblX BejIHHHH. 

B saKjHOHeHHe SToro nyHKia otmsthm, hto ocHOBHbie pesyjibiaTbi 
;i,aHHOH pa6oTbi flOKjiaflbiBajiHCb aBTopoM na pasjiHHHbix MejKflynapofl- 
Hbix H poccHiicKHx K0H(J)epeHH,HHx, HaHHHaa c 1996 ro^a [106,8,51-57]. 

Abtop BbipaacaeT Gjiaro^apHOCTb sa o6cy>KfleHHH pesyjibiaTOB pa- 
6oTbi A. KopenoBCKOMy (Ofsficca). Jl.MHnnny (BopoiicjK), A. JIoSo^c 
(BopoHejK), H. IIojiOBHHKHHy (BopoHejK), B.Po^nny (Bopone*:), 
A. BopoBCKHx (MocKBa), Kapny (Bjia/piBOCTOK), B. OeTHCOBy (Illax- 
Tbi), C. KajiHHHHy (H^kcbck), T. IIoraHJKy h A. Bapniy (XopBaTHsi) 
Jl. BpbijieBCKOH (CaHKT-neTep6ypr) sa HOMoni;B b KOHHpoBaHHH opHrn- 
HajiBHoii pa6oTbi B.5I. ByHHKOBCKoro (k coacajieHHio, pyKonncH hb tojib- 
KO ropHT, HO H paccbinaiOTca ot bbtxccth, hto h npoHSomjio b ;i,aHH0M 
cjiynae npH KonHpoBaHHH) . Mne TaKJKe ne saSbiTb o6cy}KfleHHH bosmojk- 

HblX HpHJIOJKeHHH /I,aHH0H TCMaTHKH C Hp0(J). B. B. CblCOCBblM. AbTOp 

6jiaroflapHT AnaTOJina FeoprHeBHHa KycpaeBa sa BKHManne k Moeit pa- 

6oTe H HpefljiojKCHHC HanHcaTb stot o63op, a TaKJKC o6cyjKfleHHe bos- 
MOJKHOCTH HepeneceHHa neKOTopbix peayjibTaTOB na cjiynaft seKTopHbix 
pemeTOK. 
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Sitnik S. M. 
Generalizations of classic inequalities 

In this survey we consider generalizations and specifications of classic 
inequalities. First generalizations to the Young inequality is studied with possible 
specifications and unsolved problems. The main part consists of authour's 
method to generalize Cauchy— BunyaJsowsky inequalities both in discrete and 
integral cases. Many applications are also considered. 



